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GEOMETRIC SYMMETRIC POWERS IN THE MOTIVIC
HOMOTOPY CATEGORY
JOE PALACIOS BALDEON
Abstract. Symmetric powers of quasi-projective schemes can be extended, in
terms of left Kan extensions, to geometric symmetric powers of motivic spaces.
In this paper, we study geometric symmetric powers and compare with various
symmetric powers in the unstable and stable A1-homotopy category of schemes
over a field.
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1. Introduction
In the last two decades the development of the A1-homotopy theory of schemes
has had a noticeable impact in algebraic geometry, particularly in the successful
resolution of the Bloch-Kato conjecture [29]. In topology, the Dold-Thom theo-
rem says that the group completion of the infinite symmetric power of a pointed
connected CW -complex is weak equivalent to a product of the Eilenberg-MacLane
spaces associated to its homology groups. Symmetric powers has been used to en-
code (co)-homological information of motivic spaces, as the Dold-Thom’s theorem
predicts.
In general terms, motivic spaces depends of two coordinates: one simplicial coor-
dinate and one geometric coordinate, i.e. the category of schemes. This suggests the
possibility of defining symmetric powers of motivic spaces in a different approach
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than the categoric ones. In[33], Voevodsky proved a motivic version of the Dold-
Thom’s theorem. The symmetric powers considered in his work are what we call
geometric symmetric powers, as they are induced from the geometric coordinate.
An admissible category 1 is a subcategory of schemes over a base field that is
closed under taking quotients of schemes by finite groups and contains the affine line
as an interval. Geometric symmetric powers are Kan extensions of the symmetric
powers of schemes considered in an admissible category [33]. Categoric symmetric
powers are the quotients of Cartesian powers of motivic spaces by the action of
symmetric groups. A λ-structure on a model category, or in its homotopy category,
is a categoric version of a λ-structure on commutative rings. As functors, categoric
symmetric powers preserve A1-weak equivalences, and their left derived functors
provide a λ-structure in cofibre sequences on the pointed and unpointed (unstable)
motivic homotopy categories of an admissible category, [8]. The aim of the present
work is to develop a systematic study of symmetric powers in the unstable and stable
homotopy category of an admissible category over a field k.
Our first goal is to prove that geometric symmetric powers provide a λ-structure
on the pointed unstable motivic homotopy category of an admissible category. For
this purpose we first consider the projective cofibrant resolution on the category
of simplicial Nisnevich sheaves on an admissible category, deduced from the small
object argument applied to the class of morphisms resulting by multiplying repre-
sentable sheaves with the generating cofibrations of the category of simplicial sets.
This allows us to deduce that every motivic space is A1-weak equivalent to a simpli-
cial sheaf, given termwise by coproducts of representable sheaves, as it was shown by
Voevodsky in the context of radditive functors, see [33, 34]. The key point consists
in fact that geometric symmetric powers of morphisms of ind-representable sim-
plicial sheaves have canonical filtrations, called Ku¨nneth towers, and they provide
a λ-structure on the motivic homotopy category. This gives the following result
(Theorem 42 in the text):
The left derived geometric symmetric powers provide a λ-structure on the
pointed unstable motivic homotopy category of an admissible category of
quasi-projective schemes over a field.
On the other hand, in both unstable and stable case, there is a natural trans-
formation from the categoric symmetric power Symn to the geometrical symmetric
power Symng . Let E be a functor from an admissible category to the unstable (or
stable) A1-homotopy category on an admissible category. An interesting problem
is to investigate whether the canonical morphisms ϑmX : Sym
nE(X) → SymngE(X)
are isomorphisms for schemes X in an admissible category. It turns out that, in
the unstable case, ϑnX is not always an isomorphism, for example when X is the
2-dimensional affine space A2 and n = 2, cf. Proposition 96. Our second goal is
to show that these canonical morphisms become isomorphisms in the rational sta-
ble A1-homotopy category of schemes. However, the same result is not true on the
stable A1-homotopy category of schemes with integral coefficients (see Remark 63).
Let us explain in few words our approach for the second goal. The rationalization
of a stable homotopy category causes the loss of information of the torsion objects.
However, it allows us to think a rational stable homotopy category as a derived
1 f -admissible in [33].
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category of chain complexes, and the latter is, philosophically, more accessible to
understand. Morel showed that these phenomena happen in the motivic set-up [21].
More precisely, the stable A1-homotopy category of schemes is equivalent to the
triangulated category of unbounded motives, cf. loc.cit.
An important ingredient to be used in this text is the notion of transfer of a
morphism. This notion appears naturally in algebraic topology. For instance, let
us consider a positive integer n and a n-sheeted covering π : X˜ → X . Let π∗ :
Hr(X ;Z) → Hr(X˜ ;Z) be the induced homomorphism of cohomology groups, for
some r ∈ N. A transfer for π∗ is a homomorphism tr : Hr(X˜ ;Z) → Hr(X ;Z) such
that the composite tr◦π∗ is the multiplication by n. Voevodosky proved the existence
of transfers morphisms of qfh-sheaves induced by finite surjective morphisms of
normal connected schemes. This implies the existence transfers of morphisms of qfh-
motives induced by such finite morphisms of schemes, see [31]. We use this notion in
order to get transfers, for morphisms induced the canonical morphism Xn → Xn/Σn
for a quasi-projective scheme X , in the rational stable A1-homotopy category. Let
T be the projective line P1 pointed at ∞, and let EQ be the canonical functor
from the category of quasi-projective schemes over a field k to the rational stable
A1-homotopy category of T -spectra. We denote by SymnT the nth fold categoric
symmetric power on the category of symmetric T -spectra. Since the rational stable
homotopy category of schemes is pseudo-abelian, one can use projectors in order to
define projector symmetric powers, denoted by Symnpr. As a result, we obtain that,
if −1 is a sum of squares, then the categoric, geometric and projector symmetric
powers of a quasi-projective scheme are isomorphic in rational stable A1-homotopy
category. More precisely, our result is the following (Theorem 92 in the text):
Let k be a field such that −1 is a sum of squares in it. Then, for any quasi-
projective k-scheme X, we have the following isomorphisms
LSymnTEQ(X) ≃ EQ(Sym
nX) ≃ SymnprEQ(X) .
The fourth type of symmetric power, that is defined as a homotopy quotient under
the action of a symmetric group, is called homotopy symmetric power, and is de-
noted by Symnh,T . It turns out that the natural transformation from the nth fold
homotopy symmetric power to the nth categoric symmetric power is an isomorphism
on the stable A1-homotopy category (see [9]). Consequently, for a quasi-projective
k-scheme X , the nth fold homotopy symmetric power Symnh,TEQ(X) is isomorphic
to LSymnTEQ(X). Thus, we get a comparison of four types of symmetric powers in
the rational stable A1-homotopy category.
Although in this paper we are limited to work only over a base field, our con-
structions might be generalized to a broader class of nice base schemes. It would
be interesting to investigate how to construct categoric (resp. geometric) symmet-
ric powers, in a more general framework, namely on premotivic categories (resp.
premotivic categories with geometric sections) defined in [6]; but this question is
beyond the author’s knowledge.
The paper is organized as follows. In Section 2, we give a survey of admissible cat-
egories and basic properties of simplicial Nisnevich sheaves. Section 3 is devoted to
the study of geometric symmetric powers and Ku¨nneth towers associated to cofibre
sequences. Section 4 concerns the A1-localization of geometric symmetric powers.
In section 5 we recall the notion of a λ-structure and prove one of the main result
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(Theorem 42). In section 6, we construct a canonical morphism of λ-structures from
categoric symmetric powers to geometric symmetric powers. In Section 7, we give
an outline on the category of spectra and the notion of rational stable A1-homotopy
category. Section 8 presents the construction of geometric symmetric powers in
the category of motivic symmetric spectra. Section 9 concerns the λ-structure of
geometric symmetric powers in the stable set-up. Section 10 is devoted to the for-
malism of transfers. In section 11, we prove our main result in the stable set-up, see
Theorem 92. Finally, in 12, we show that the categoric symmetric powers and geo-
metric symmetric powers does not coincide on the unstable A1-homotopy category
of schemes. However, on sheaves represented by Galois field extensions, the above
morphism of λ-structures gives isomorphisms on sections of the form Spec(L), where
L is a finite Galois extension over the base field, see Proposition 100.
Acknowledgements. I am grateful to Vladimir Guletski˘ı for his inspiring
explanations and helpful suggestions, and to Anwar Alameddin for several discus-
sions. The paper is written in the framework of the EPSRC grant EP/I034017/1
“Lambda-structures in stable categories”. I am grateful to EPSRC for funding my
PhD project.
2. Admissible categories and Nisnevich sheaves
Throughout the paper k will denote a field of arbitrary characteristic and we
write A1 for the affine line over Spec(k). Let Sch/k be the category of schemes over
k. For two k-schemes X and Y , we write X × Y to mean the Cartesian product
X ×Spec(k) Y . We also denote by X ∐ Y the disjoint union of X and Y , as schemes.
The point Spec(k) and the empty scheme ∅, as objects of Sch/k, are the terminal
and initial object respectively.
We say that a full subcategory C of Sch/k is admissible, if it satisfies the following
five axioms: (i) the point Spec(k) and the affine line A1 are objects of C , (ii) for any
two objects X and Y of C , the product X × Y is in C , (iii) for any two objects X
and Y of C , the disjoint union X ∐ Y is in C , (iv) if U → X is an e´tale morphism
of k-schemes such that X is in C , then U is in C , (v) If G is a finite group acting
on an object X of C , then the quotient X/G is in C whenever it exists as k-scheme.
In [33], this definition appears as f -admissible category.
A typical example of an admissible category is the category of quasi-projective
schemes over k.
Remark 1. By definition every admissible category of schemes over a field contains
the affine line A1, but it is not true that all admissible categories contain the projec-
tive line P1 over a field. For example, the subcategory of normal quasi-affine schemes
over a perfect field is admissible, but the projective line P1 is not quasi-affine.
Unless indicated otherwise, C will be a small, admissible category contained in
the category of quasi-projective schemes over k. These conditions will allow us to
use Voevodsky’s results in [5, 35]. The smallness condition on C permits to use Kan
extensions, expressed in terms of small colimits, when we define geometric symmetric
powers of simplicial sheaves. In the sequel, all colimits will mean small colimits.
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An elementary distinguished square in C is a Cartesian square of the form
Q :
Y

// V
p

U
j
// X
where j is an open embedding and p is an e´tale morphism such that the induced
morphism p−1(X − U)red → (X − U)red of reduced schemes is an isomorphism.
We recall that a family of e´tale morphisms {fi : Ui → X}i∈I of C is a Nisnevich
covering if for every point x ∈ X there exists an index i ∈ I and a point y ∈ Ui
such that fi(y) = x and the corresponding morphism of residual fields k(x)→ k(y)
is an isomorphism. The Nisnevich topology on C can be described as the smallest
Grothendieck topology generated by families of the form {j : U → X, p : V → X}
associated to elementary distinguished squares of the form (2), see [35, page 1400].
We denote by CNis the site consisting of C and the Nisnevich topology on it.
The category of presheaves Pre(C ) on C is the category of functors from the
opposite category C op to the category of sets. A presheaf F on C is a Nisnevich
sheaf if and only if for each elementary distinguished square (2), the square of sets
F (Q) :
F (X)
F (j)

F (p)
// F (V )

F (U) // F (Y )
is Cartesian, see [22]. In the sequel, S will denote the category of sheaves on CNis.
We denote by h the Yoneda embedding of C into the category of presheaves
Pre(C ). Since representable sheaves are Nisnevich sheaves, sometimes we use the
same letter h to denote the full embedding of C into S . We recall that the forgetful
functor from S to Pre(C ) has a left adjoint which we denote by aNis. The category
S is complete and cocomplete, its terminal object is hSpec(k), and filtered colimits of
Nisnevich sheaves in the category of presheaves are Nisnevich sheaves. Let {Fi}i∈I
be a family of objects in S . The coproduct of this family in S is the sheafifica-
tion aNis
(∐
i∈I Fi
)
of the coproduct
∐
i∈I Fi in Pre(C ). We abusively denote it by∐
i∈I Fi, if no confusion arises.
In this paper, we shall consider the injective model structure on the category of
simplicial sheaves ∆opS , where the class of cofibrations is the class of monomor-
phisms, a weak equivalence is a stalk-wise weak equivalence and fibrations are mor-
phisms having the right lifting property with respect to trivial cofibrations.
The category ∆opS is a simplicial category. For a simplicial sheaf X and a
simplicial set K, we define the product X ×K to be the simplicial sheaf, such that
for every n ∈ N, its term (X ×K)n is defined to be the coproduct
∐
Kn
Xn in S . For
a couple of sheaves (X ,Y ), the function complex Map (X ,Y ) is defined to be the
simplicial set which assigns an object [n] of ∆ to the set Hom∆opS (X ×∆[n],Y ) .
Then, for every pair of simplicial sheaves (X ,Y ) and every simplicial set K, one
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has a natural bijection,
(1) Hom∆opS (X ×K,Y ) ≃ Hom∆opSet (K,Map (X ,Y )) ,
which is functorial in X , Y and K.
For each object U of C , we denote by ∆U [0] the constant functor from ∆
op to
S with value hU . Sometimes, we shall simply write hU instead of ∆U [0], if no
confusion arises. For each n ∈ N and each object U of C , we denote by ∆U [n] the
simplicial sheaf ∆U [0] × ∆[n]. Similarly, we denote by ∂∆U [n] the simplicial sheaf
∆U [0]× ∂∆[n].
Notice that Yoneda lemma provides an isomorphism Map (∆U [0],Y ) ≃ Y (U) for
every object U of C and every simplicial sheaf Y . Hence, replacing X by ∆U [0] in
(1), we obtain an isomorphism
(2) Hom∆opS (∆U [0]×K,Y ) ≃ Hom∆opSet (K,Y (U)) .
We write C+ to denote the full subcategory of the pointed category C∗ generated
by objects of the form X+ := X ∐ Spec(k). We denote by S∗ the pointed category
of S . The symbols ∨ and ∧ denote, respectively, the coproduct and the smash
product in S∗. An elementary square in C+ is a square of the form Q+, where Q
is an elementary distinguished square in C . A family {(fi)+}i∈I of morphisms in
C+ is a Nisnevich covering if the family {fi}i∈I is a Nisnevich covering in C . Let
CNis,+ be the site consisting of C+ and the Nisnevich topology on it. The category
Shv(CNis,+) is equivalent to the pointed category Shv(CNis)∗.
We denote by H (CNis) (resp. by H (CNis,A
1)) the homotopy category of ∆opS
localized with respect to weak equivalences (resp. A1-weak equivalences). We write
H∗(CNis) (resp. by H∗(CNis,A
1)) for the homotopy category of ∆opS∗ localized with
respect to weak equivalences (resp. A1-weak equivalences) in the pointed model
structure.
Remark 2. The category H (CNis,+) is equivalent to the pointed homotopy cate-
gory H∗(CNis). Similarly, the category H (CNis,+,A
1) is equivalent to the pointed
homotopy category H∗(CNis,A
1).
In the next paragraph, we recall the notion of ∆¯-closed classes introduced by
Voevodsky, see [34]. They allow us to express the class of A1-weak equivalences as
a certain class generated by local weak equivalences and by A1-homotopies given in
terms of projections (see Example 3).
Let D be a category with finite coproducts. A class of morphisms E of ∆opD
is called ∆¯-closed, if it satisfies the following four axioms: (i) E contains all ∆[1]-
homotopy equivalences in ∆opD , (ii) E has the 2-out-of-3 property, (iii) if f is a
morphism of bi-simplicial objects on D such that for every n ∈ N, either f([n],−)
or f(−, [n]) belongs to E, then the diagonal morphism of f belongs to E, and (iv) E
is closed under filtered colimits. For any class of morphisms E in ∆opD , we denote
by cl∆¯(E) the smallest ∆¯-closed class containing the class E.
Example 3. The class of A1-weak equivalences in ∆opS coincides with the ∆¯-class
cl
∆¯
(WNis ∪ PA1), where WNis is the class of local equivalences with respect to the
Nisnevich topology and PA1 is the class of projections from ∆X [0]×∆A1 [0] to ∆X [0],
for X ∈ C (see [5, Th. 4, page 378]). Similarly, the class of A1-weak equivalences in
∆opS∗ coincides with the class cl∆¯(WNis,+ ∪ PA1,+), where WNis,+ is the image of
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WNis through the functor which sends a simplicial sheaf X to the pointed simplicial
sheaf X+ and PA1,+ is the image of PA1 through the same functor.
A morphism from A to X in D is called coprojection, if there exists an object Y
of D such that this morphism is isomorphic to the canonical morphism from A to
A∐ Y . A morphism f in ∆opD is called a termwise coprojection, if for each natural
n, its term fn is a coprojection.
Example 4. Let X be a simplicial sheaf on CNis. If K ⊂ L is an inclusion of
simplicial sets, then the induced morphism from X ×K to X × L is a termwise
coprojection. Indeed, for each natural n, the n-simplex (X ×K)n is equal to the
coproduct of sheaves
∐
Kn
Xn, similarly, (X × L)n is equal to
∐
Ln
Xn. In view of
the inclusion Kn ⊂ Ln, we have a canonical isomorphism∐
Ln
Xn ≃
(∐
Kn
Xn
)
∐

 ∐
Ln\Kn
Xn

 ,
which allow us to deduce that (X × K)n → (X × L)n is a coprojection for all
n ∈ N.
We write ω for the countable ordinal. This notation will be used in Lemma 5,
Corollary 6 and Corollary 9.
Lemma 5. Let D be a cocomplete category. Then, the class of termwise coprojec-
tions in ∆opD is stable under pushouts, small coproducts and countable transfinite
compositions.
Proof. Since colimits in ∆opD are termwise, it is enough to prove that the class
of coprojections in D is closed under (a) pushouts, (b) arbitrary coproducts and
(c) countable transfinite compositions. Indeed, (a) follows from the fact that the
pushout square of a coprojection iA : A → A ∐ Y and a morphism f : A → B is a
cocartesian square of the form
A
f

iA // A ∐ Y
f∐idY

B
iB
// B ∐ Y
where the bottom horizontal and the right vertical arrows are the canonical mor-
phisms. To prove (b), we give a family of canonical coprojections {Ai → Ai∐Xi}i∈I ,
where I is a set of indices. We can assume that I is an ordered set. Then, the co-
product
∐
i∈I(Ai ∐Xi) is isomorphic to the coproduct
(∐
i∈I Ai
)
∐
(∐
i∈I Xi
)
. This
isomorphism allow us to deduce (b). Finally, the class of coprojections is closed
under countable coprojections because one can deduce that any countable sequence
X0 → X1 → X2 → · · · (n < ω) has terms Xn of the form
∐n
i=0X
′
i for all n < ω,
where X ′0 = X0. Therefore, its tranfinite composition coincides with the canonical
morphism from X ′0 to
∐
i<ωX
′
i. This shows (c) . 
We denote by C¯ the full subcategory of S generated by objects which are iso-
morphic to coproducts of representable functors in S . The full embedding of C¯
into S induces a full embedding of ∆opC¯ into ∆opS .
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Corollary 6. Let I be a set of morphisms in ∆opC¯ consisting of termwise copro-
jections. Then, any countable transfinite composition of pushouts of coproducts of
elements of I is a termwise coprojection with terms of the form Yn → Yn ∐ Zn,
where Zn is in C¯ , for n ∈ N.
Proof. Let X : ω → ∆opS be a ω-sequence such that for each n < ω the morphism
Xn → Xn+1 is a pushout of coproducts of elements of I. Since I consists of termwise
coprojections in ∆opC¯ , by Lemma 5, the coproduct of elements of I is a termwise
coprojection in ∆opC¯ . Since termwise coprojection are closed under pushouts, we
deduce that the terms of each morphism Xn → Xn+1 are canonical morphisms of
the form (Xn)i → (Xn)i ∐ Yn,i, where Yn,i is an object in C¯ , for i ∈ N. Finally, by
the same Lemma, we conclude the each term of the transfinite composition of X
is a canonical morphism of the form (X0)i → (X0)i ∐ Yi, where Yi is an object of
C¯ . 
We define the following sets of morphisms of simplicial sheaves
Iproj := {∂∆U [n]→ ∆U [n] |U ∈ C , n ∈ N}(3)
Notice that, by Example 4, the morphisms ∂∆U [n]→ ∆U [n] are termwise copro-
jections in ∆opC¯ for all U ∈ C and n ∈ N.
Lemma 7. For any object U ∈ C and every finite simplicial set K, the object
∆U [0]×K is finite relative to ∆
opS , in the sense of Definition 2.1.4 of [12].
Proof. Let us fix an object U ∈ C and a finite simplicial set K. Since K is finite,
there is a finite cardinal κ such thatK is κ-small relative to all morphisms of ∆opSet.
We claim that ∆U [0]×K is κ-small relative to all morphisms in ∆
opS . Indeed, let
λ be a κ -filtered ordinal and let
X0 → X1 → · · · → Xe → · · · (β < λ)
be a λ-sequence of simplicial sheaves on CNis. Since filtered colimits of Nisnevich
sheaves (computed in the category of presheaves) are sheaves, we obtain a λ-sequence
of simplicial sets,
X0(U)→ X1(U)→ · · · → Xe(U)→ · · · (β < λ)
Then, we have a commutative diagram
colimd∈D Hom∆opS (∆U [0]×K,Xe)

// Hom∆opS (∆U [0]×K, colimd∈D Xe)

colimd∈D Hom∆opSet(K,Xe(U)) // Hom∆opSet (K, colimd∈D(Xe(U)))
where the vertical arrows are bijections. Since K is κ-small relative to all morphisms
of ∆opSet, the below arrow of the preceding diagram is bijective, hence the top arrow
is so. This completes the proof. 
Lemma 8. Every morphism in (Iproj)-inj is a sectionwise trivial fibration.
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Proof. Let f : X → Y be a morphism in (Iproj)-inj and let us fix an object U of C .
By the naturality of the isomorphism (2), a commutative diagram
(4) ∂∆[n]

// X (U)

∆[n] // Y (U)
in ∆opSet, corresponds biunivocally to a diagram
∂∆U [n]

// X

∆U [n] // Y
in ∆opS . As the left vertical arrow is an element of Iproj, the above diagram has a
lifting. Therefore, the bijection (2) induces a lifting of (4). 
The following corollary is a consequence of the small object argument. It will be
useful to show that the cofibrant resolution takes its values in the category ∆opC¯ .
Corollary 9. There exist a functorial factorization (α, β) on ∆opS such that for
every morphism f is factored as f = β(f) ◦ α(f), where β(f) is sectionwise trivial
fibration and α(f) is a termwise coprojection with terms form Xn → Xn∐Yn, where
Yn is an object of C¯ .
Proof. By Lemma 7, the objects ∂∆U [n] and ∆U [n] are finite relative to ∆
opS .
Since the countable ordinal ω is κ-filtered, the small object argument provides a
factorization such that β(f) in (Iproj)-inj and α(f) is a countable transfinite compo-
sition of pushouts of coproducts of elements of Iproj. By Example 4, every morphism
∂∆U [n] → ∆U [n] of Iproj is a termwise coprojection in ∆
opC¯ . Therefore, Corollary
6 provides the desired factorization. 
We denote by Qproj the endofunctor of ∆opS which sends a simplicial sheaf X
to the codomain of the morphism α(∅ → X ), where ∅ is the initial object of ∆opS .
The endofunctor Qproj will be called cofibrant resolution. In particular, for every
object X of ∆opS , the canonical morphism from Qproj(X ) to X is a section-wise
trivial fibration.
Corollary 10. The functor Qproj takes values in ∆opC¯ .
Proof. Let X be a simplicial sheaf in ∆opS . By Corollary 9, the morphism of
simplicial sheaves ∅ → X , where ∅ is the initial object of ∆opS , factors into
∅ → Qproj(X ) → X such that the terms of Qproj(X ) are in C¯ , that is, Qproj(X )
is in ∆opC¯ . 
Lemma 11. The class of A1-weak equivalences in ∆opS∗ is closed under finite
coproducts and smash products.
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Proof. By Example 3, the class of A1-weak equivalences in ∆opS∗ is ∆¯-closed. Then,
it is closed under finite coproducts. Let us consider the statement for smash prod-
ucts. By the cube lemma (see [12, Lemma 5.2.6]), one reduces this problem to the
unpointed case, i.e. for products in ∆opS . Using standard simplicial methods, the
problem is reduced to show that; for every A1-weak equivalence and every simplicial
sheaf Z of the form ∆U [0], where U is in C , the product f × idZ is an A
1-weak
equivalence. But it follows from Example 3 and Lemma 2.20 of [34] applied to the
functor (−)× idZ . 
3. Geometric symmetric powers of simplicial sheaves
In this section, we study the geometric symmetric powers on the category of sim-
plicial Nisnevich sheaves. Here, we prove the Ku¨nneth rule for geometric symmetric
powers (see Corollary 25).
Let C ⊂ Sch/k be an admissible category. Fix an object X of C and an integer
n ≥ 1. By definition of an admissible category, C is closed under finite products
and quotients by finite groups. Then nth fold product X×n is an object of C , hence,
the quotient X×n/Σn is also in C . Denote this quotient by Sym
n(X). Then, we
have a functor Symn : C → C . It is immediate to observe that Symn (Spec(k)) is
isomorphic to the point Spec(k) for n ≥ 1. By convention, Sym0 will be the constant
endofunctor of C which sends an object X of C to the point Spec(k).
Let us fix n ∈ N. Since C is a small category and ∆opS is cocomplete, Theorem
3.7.2 of [1] asserts the existence of the left Kan extension of the composite
C
Symn
−→ C
h
−→ S
along the Yoneda embedding h. We denote it by Symng and called it the nth-fold
geometric symmetric power of Nisnevich sheaves. Explicitly, Symng is described as
follows. For a sheaf X in S , we denote by (h ↓ X ) the comma category whose
objects are arrows of the form hU → X for U ∈ ob (C ). Let FX : (h ↓ X ) → S
be the functor which sends a morphism hU → X to the representable sheaf hSymnU .
Then, Symng (X ) is nothing but the colimit of the functor FX .
The endofunctor Symng of S induces an endofunctor of ∆
opS defined termwise.
By abuse of notation, we denote this functor by the same symbol Symng , if no
confusion arises.
Example 12. Let k be an algebraically closed field and fix a natural number n.
For each k-scheme X in C , the nth fold geometric symmetric power Symng (hX) of
the representable functor hX coincides with the representable functor hSymnX . The
section Symng (hX)(Spec(k)) is nothing but the set of effective zero cycles of degree
n on X .
Let X be an object of ∆opC . The nth fold symmetric power Symn(X) is the
simplicial object on C whose terms are Symn(X)i := Sym
n(Xi) for all i ∈ N. Thus,
Symn induces a endofunctor of ∆opC .
The Yoneda embedding h of C into S induces an embedding ∆oph of ∆opC into
∆opS . Sometimes, we denote it by the same letter h.
Lemma 13. For each n ∈ N, Symng is isomorphic to the left Kan extension of the
composite
∆opC
Symn // ∆opC
∆oph // ∆opS
GEOMETRIC SYMMETRIC POWERS 11
along ∆oph.
Proof. Notice that ∆opC is a small category. Let X be a simplicial sheaf and let i be
a natural number. Let us consider the functor FXi such that Sym
n
g (Xi) = colimFXi ,
as defined above. Observe that the functor
JX ,i : (∆
op
C ↓ X )→ (C ↓ Xi) ,
given by (∆ophU → X ) 7→ (∆
ophUi → Xi), is final. This implies that there is a
natural isomorphism colim(JX ,i ◦ FXi) ≃ colimFXi. The colimit of JX ,i ◦ FXi is
nothing but the ith term of Lan∆oph(∆
oph ◦ Symn)(X ). Thus, we get a natural
isomorphism
Lan∆oph(∆
oph ◦ Symn)(X ) ≃ Symng (X )
for every object X in ∆opS . 
Since the nth fold geometric symmetric power Symng on ∆
opS preserves terminal
object, it induces an endofunctor of ∆opS∗, denoted by the same symbol if no
confusion arises. We denote by h+ the canonical functor from ∆opC to ∆opS∗.
Corollary 14. For each n ∈ N, the nth fold geometric symmetric power Symng on
∆opS∗ is isomorphic to the left Kan extension of the composite
∆opC
Symn // ∆opC
h+ // ∆opS∗
along h+.
Proof. It follows from the previous lemma in view that the canonical functor from
∆opS to ∆opS∗ is left adjoint. 
Ku¨nneth rules.— The Lemmas 15, 16 and Proposition 17 will be useful to prove the
Ku¨nneth rule for symmetric for schemes (Corollary 18), that is, for every n ∈ N and
for any two schemes X and Y on an admissible category, one has an isomorphism
Symn(X ∐ Y ) ≃
∐
i+j=n
(SymiX × SymjY ) .
We recall that for a category C and a finite group G, the category C G is the
category of functors G → C , where G is viewed as a category. A functor G → C
is identified with a G-object of C . If H is a subgroup of G, then the restriction
functor resGH : C
G → CH sends a functor G→ C to the composite H →֒ G→ C . If
C has finite coproducts and quotients by finite groups, then resGH is a right adjoint
functor. Its left adjoint functor is called corestriction functor, and we denoted it by
corGH .
Lemma 15. Let C be a category with finite coproducts and quotients by finite groups.
Let G be a finite group and let H be a subgroup of G. If X is an H-object of C ,
then
corGH(X)/G ≃ X/H .
Proof. Suppose X is an H-object of C . We recall that corG0 (X) coincides with the
coproduct of |G|-copies of X , it is usually denoted by G × X in the literature.
Observe that the group G×H acts canonically on G×X . By definition, corGH(X)
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is equal to colimH(G × X). One can also notice that colimG(G × X) = X . Then,
we have,
corGH(X)/G = colim
G
corGH(X)
= colim
G
colim
H
(G×X)
= colim
H
colim
G
(G×X) (change of colimits)
= colim
H
X .
By definition, X/H is equal to colimH X , thus we obtain that cor
G
H(X)/G is isomor-
phic to X/H . 
Lemma 16. Let C be a symmetric monoidal category with finite coproducts and
quotients by finite groups. Let n, i, j be three natural numbers such that i, j ≤ n and
i + j = n, and let X0, X1 be two objects of C . Then, the symmetric group Σn acts
on the coproduct
∨
k1+···+kn=j
Xk1 ∧ · · ·∧Xkn by permuting the indices of the factors,
and one has an isomorphism(∨
k1+···+kn=j
Xk1 ∧ · · · ∧Xkn
)/
Σn ≃ Sym
iX0 ∧ Sym
jX1
Proof. After reordering of factors in a suitable way, we can notice that the coproduct∨
k1+···+kn=j
Xk1 ∧ · · · ∧Xkn is isomorphic to the coproduct of
(
n
i
)
-copies of the term
X∧i0 ∧ X
∧j
1 , in other words, it is isomorphic to cor
Σn
Σi×Σj
(X∧i0 ∧X
∧j
1 ) which is a Σn-
object. By Lemma 15, we have an isomorphism(
corΣnΣi×Σj (X
∧i
0 ∧X
∧j
1 )
)/
Σn ≃
(X∧i0 ∧X
∧j
1 )
/
(Σi × Σj)
and the right-hand-side is isomorphic to SymiX0 ∧ Sym
jX1, which implies the ex-
pected isomorphism. 
Proposition 17. Suppose C is a category as in Lemma 16. Let X0, X1 be two
objects of C . For any integer n ≥ 1, there is an isomorphism
(5) Symn(X0 ∨X1) ≃
∨
i+j=n
(SymiX0 ∧ Sym
jX1) .
Proof. Let us fix an integer n ≥ 1. We have the following isomorphism,
(X0 ∨X1)
∧n ≃
∨
0≤j≤n
( ∨
k1+···+kn=j
Xk1 ∧ · · · ∧Xkn
)
,
and for each index 0 ≤ j ≤ n, the symmetric group Σn acts by permuting factors on
the coproduct
∨
k1+···+kn=j
Xk1∧· · ·∧Xkn . Hence, we deduce that (X0 ∨X1)
∧n /
Σn is
isomorphic to the coproduct of the quotients (
∨
k1+···+kn=j
Xk1 ∧ · · · ∧Xkn)
/
Σn for
j = 0, . . . , n. Finally, by Lemma 16, we obtain that Symn(X0∨X1) is isomorphic to
the coproduct
∨
0≤j≤n(Sym
n−jX0∧Sym
jX1), thus we have the isomorphism (5). 
Corollary 18. Let C ⊂ Sch/k be an admissible category. Then, for every integer
n ≥ 1 and for any two objects X, Y of C , we have an isomorphism
Symn(X ∐ Y ) ≃
∐
i+j=n
(SymiX × SymjY ) .
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Example 19. Let ϕ : X → X ∐ Y be a coprojection in C . Since C is symmetric
monoidal and has finite coproducts and quotients by finite groups, the filtration of
the morphism Symn(ϕ),
Symn(X) = 2˜n0 (ϕ)→ 2˜
n
1 (ϕ)→ · · · → 2˜
n
n(ϕ) = Sym
n(X ∐ Y )
defined in [8], exists. By virtue of Corollary 18, for every index 0 ≤ i ≤ n, the
object 2˜ni (ϕ) is isomorphic to the coproduct
∐
n−i≤j≤n(Sym
jX × Symn−jY ), and
the morphism 2˜ni−1(ϕ)→ 2˜
n
i (ϕ) is isomorphic to the canonical morphism∐
n−(i−1)≤j≤n
(SymjX × Symn−jY )→
∐
n−i≤j≤n
(SymjX × Symn−jY ) .
Lemma 20. Let J be a category with finite coproducts and Cartesian products.
Then, for every integer n ≥ 1, the diagonal functor diag : J → J ×n is final (see
[20, page 213]).
Proof. Let A = (A1, . . . , An) be an object of J
×n. We shall prove that the comma
category A ↓ diag, whose objects has the form A→ diag(B) for B in J , is nonempty
and connected. We set B := A1 ∐ · · · ∐ An. For every index 0 ≤ i ≤ n, we have a
canonical morphism Ai → B, then we get a morphism from A to diag(B). Thus,
the comma category A ↓ diag is nonempty. Let B and B′ be two objects of J and
let A = (A1, . . . , An) be an object of J
×n. Suppose that we have two morphisms:
(ϕ1, . . . , ϕn) from A to diag(B) and (ϕ
′
1, . . . , ϕ
′
n) from A to diag(B
′). For every
index 0 ≤ i ≤ n, we have a commutative diagram
Ai
ϕ′i

ϕi

ψi

B × B′

B B′
where the dotted arrow exists by the universal property of product. Notice that we
get a morphism (ψ1, . . . , ψn) from A to diag(B ×B
′) and a commutative diagram
A
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦
diag(B) diag(B × B′) //oo diag(B′)
Thus, the comma category A ↓ diag is connected. 
Corollary 21. Let X be a sheaf in S . For every integer n ≥ 1, we have an
isomorphism
(6) X ×n ≃ colim
hX→X
hXn ,
Proof. Let (h ↓ X ) be a comma category and let us consider the functor FX ,n from
(h ↓ X )×n to ∆opS defined by
(hX1 → X , . . . , hXn → X ) 7→ hX1 × · · · × hXn .
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For every integer n ≥ 1, let us consider the diagonal functor diag from (h ↓ X ) to
(h ↓ X )×n. We recall that we have an isomorphism
(7) X ≃ colim
hX→X
hX ,
where the colimit is taken from the comma category with objects hX → X , for
X ∈ C to the category of sheaves. Hence, we deduce an isomorphism
X
×n ≃ colimFX ,n
By Lemma 20, the functor diag is final, then by Theorem 1 of [20, page 213], the
canonical morphism colim(FX ,n ◦ diag) → colimFX ,n is an isomorphism. Notice
that the composite functor FX ,n ◦ diag is given by (hX → X ) 7→ hXn . Finally,
composing the following isomorphisms
(8) X ×n ≃ colimFX ,n ≃ colim(FX ,n ◦ diag) ≃ colim
hX→X
hXn .
we get the required isomorphism. 
Lemma 22. Let F , G be two objects in S . For any integer n ≥ 1, there is an
isomorphism
Symng (F ∐G) ≃
∐
i+j=n
(SymigF × Sym
j
gG) .
Proof. Let us fix an integer n ≥ 1. By Corollary 18, for any two objects X and Y
of C , we have an isomorphism
Symn(X ∐ Y ) ≃
∐
i+j=n
(SymiX × SymjY ) .
Since the Yoneda embedding h : C → S preserves finite product and coproduct,
we get an isomorphism
(9) hSymn(X∐Y ) ≃
∐
i+j=n
(
hSymiX × hSymjY
)
.
By definition, we have the following three equalities,
Symng (hX) = hSymn(X) ,
Symng (hY ) = hSymn(Y ) ,
Symng (hX∐Y ) = hSymn(X∐Y ).
Replacing all these in (9), we get an isomorphism
(10) Symng (hX ∐ hY ) ≃
∐
i+j=n
(
Symig(hX)× Sym
j
g(hY )
)
.
Let us consider the functor Φ1 : C × C → S which sends a pair (X, Y ) to the nth
fold geometric symmetric power Symng (hX ∐ hY ), and the functor Φ2 : C ×C → S
which sends a pair (X, Y ) to
∐
i+j=n(Sym
i
ghX × Sym
j
ghY ). Let
LanΦ1,LanΦ2 : S ×S → S
be the left Kan extension of Φ1 and Φ2, respectively, along the embedding h × h
from C ×C into S ×S . By [2, Prop. 3.4.17] S is a Cartesian closed, hence, using
Corollary 21 one deduces that the functor LanΦ1 is nothing but the functor that
sends a pair (F,G) to Symng (F ∐ G). Analogously, LanΦ2 sends a pair (F,G) to
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i+j=n(Sym
i
gF × Sym
j
gG). Finally, from the isomorphism (10), we have Φ1 ≃ Φ2,
which implies that LanΦ1 is isomorphic to LanΦ2. This proves the lemma. 
Corollary 23 (Ku¨nneth rule). Let X , Y be two objects in ∆opS . For any integer
n ≥ 1, there is an isomorphism
Symng (X ∐ Y ) ≃
∐
i+j=n
(SymigX × Sym
j
gY ) .
Proof. It follows from Lemma 22. 
Lemma 24. Let F , G be two objects in S∗. For any integer n ≥ 1, there is an
isomorphism
Symng (F ∨G) ≃
∨
i+j=n
(SymigF ∧ Sym
j
gG) .
Proof. The proof is similar as in lemma 22. In this case we define two functor Φ1
and Φ2 from C+×C+ to S∗ such that Φ1 takes a pair (X+, Y+) to Sym
n
g (hX+ ∨hY+)
and Φ2 takes a pair (X+, Y+) to
∨
i+j=n(Sym
i
ghX+ ∧Sym
j
ghY+). Hence we prove that
the left Kan extensions of Φ1 and Φ2, along the canonical functor C+ × C+ → S∗,
are isomorphic. 
Corollary 25 (Pointed version of Ku¨nneth rule). Let X , Y be two objects in
∆opS∗. For any integer n ≥ 1, there is an isomorphism
Symng (X ∨ Y ) ≃
∨
i+j=n
(SymigX ∧ Sym
j
gY ) .
Proof. It is a consequence of Lemma 24. 
A coprojection sequence in ∆opS∗ is a diagram of the form X → Y → Y /X ,
where X → Y is a termwise coprojection. Termwise coprojections are particular
examples of cofibre sequences.
Proposition 26. For each n ∈ N, the functor Symng preserves termwise coprojec-
tions.
Proof. It follows from Lemma 22 for the unpointed case and from Lemma 24 for the
pointed case. 
Ku¨nneth towers.— Let f : X → Y be a morphism of pointed simplicial sheaves. A
filtration of Symng (f) in ∆
opS∗,
Symng (X ) = L
n
0 (f)→ L
n
1 (f)→ · · · → L
n
n (f) = Sym
n
g (Y ) ,
is called (geometric) Ku¨nneth tower of Symng (f), if for every index 1 ≤ i ≤ n, there
is an isomorphism
cone
(
L
n
i−1(f)→ L
n
i (f)
)
≃ Symn−ig (X ) ∧ Sym
i
g(X )
in H∗(CNis,A
1).
Later, we shall prove that the nth fold geometric symmetric power of a Iproj-cell
complex has canonical Ku¨nneth towers, see Proposition 40. In the next paragraphs,
h+ will denote the canonical functor from ∆opC+ to ∆
opS∗.
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A pointed simplicial sheaf is called representable, if it is isomorphic to a simplicial
sheaf of the form h+(X), where X is a simplicial object on C . For example, the
simplicial sheaves ∆U [n]+ and ∂∆U [n]+, where U is an object of C and n ∈ N, are
both representable.
A directed set is a nonempty set with a preorder such that every pair of elements
has an upper bound. A directed colimit is the colimit of a directed diagram, i.e. a
functor whose source is a directed set.
We shall denote by (∆opC )#+ the full subcategory of ∆
opS∗ generated by directed
colimits of representable simplicial sheaves. By Theorem 6.1.8 of [18], (∆opC )#+ is
closed under directed colimits.
Let D be small category with finite coproducts. The coequalizer completion of D
is a category Dcoeq with finite colimits together with a finite coproducts preserving
functor ΦD : D → Dcoeq, such that for any finite coproducts preserving functor
F : D → E , there exists a unique finite colimit preserving functor F : Dcoeq → E
with F ◦ ΦD = F . The objects of Dcoeq are reflexive pairs in D , that is, parallel
pairs U ⇒ V with common section (see [3]). The functor ΦD sends an object U of
D to the reflexive pair
U
id //
id
// U .
In the next paragraphs, we shall consider the coequalizer completion Ccoeq of an
admissible category C . For simplicity, we shall write Φ instead of ΦC . If G is a
finite group acting on an object X of C , then Φ(X/G) is canonically isomorphic
to Φ(X/G). In particular, for every n ∈ N and every object X of C , we have a
canonical isomorphism
(11) Φ(SymnX) ≃ SymnΦ(X) .
where SymnΦ(X) denotes the quotient Φ(X)⊗/Σn. The cartesian product of C
induces, in a natural way, a symmetric monoidal product on Ccoeq. Let us write
Ccoeq,+ for the category (Ccoeq)+. Thus, Ccoeq,+ is a symmetric monoidal category;
its product will be denoted by ∧. The functor Φ induces a functor of Φ¯ from ∆opC+
to ∆opCcoeq,+. Notice that the category ∆
opCcoeq,+ is also symmetric monoidal and
has finite colimits. From (11), we deduce an isomorphism
(12) Φ¯(SymnX) ≃ SymnΦ¯(X) .
for every simplicial object X on C+. By the universal property of Ccoeq,+, there
exists a functor
h¯ : ∆opC+ → ∆
op
S∗
such that φ¯ ◦ h¯ = h+. From (12), we obtain an isomorphism
(13) h+(SymnX) ≃ h¯(SymnΦ¯(X)) .
for every object X of ∆opC+.
Proposition 27. For every n ∈ N, the nth fold geometric symmetric power of a
morphism of representable simplicial sheaves has a canonical Ku¨nneth tower.
Proof. Let ϕ : X → Y be a morphism in ∆opC+. Since the category ∆
opCcoeq,+ is
symmetric monoidal and has finite colimits, we follow [8] to obtain a filtration of
Symn(Φ(ϕ)),
(14) Symn(Φ(X)) = 2˜n0 −→ 2˜
n
1 −→ · · · −→ 2˜
n
n = Sym
n(Φ(Y ))
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such that, for every index 1 ≤ i ≤ n, there is an isomorphism
(15) 2˜ni /2˜
n
i−1 ≃ Sym
n−i(Φ(X)) ∧ Symi
(
Φ(Y )/Φ(X)
)
In view of (13), the above sequence induces a filtration of Symng (h
+(ϕ)),
h¯(2˜n0 ) −→ h¯(2˜
n
1 ) −→ · · · −→ h¯(2˜
n
n) .
Since h¯ preserves finite colimits and monoidal product, the above sequence is a
Ku¨nneth tower of Symng (h
+(ϕ)). 
Proposition 28. Let f : X → X ∨ Y be a coprojection of simplicial sheaves,
where X and Y are in (∆opC )#+. Then , for every n ∈ N, the Ku¨nneth tower of
Symng (f) is a sequence
L
n
0 (f) −→ L
n
1 (f) −→ · · · −→ L
n
n (f) ,
such that each term L ni (f) is isomorphic to the coproduct
(16)
∨
(n−i)≤l≤n
(SymlgX ∧ Sym
n−l
g Y ) .
Proof. Let us write X := colimd∈D h
+(Xd) and Y := colime∈E h
+(Ye), where Xd
and Ye are in ∆
opC . Then, the coproduct X ∨ Y is isomorphic to the colimit
colim
(d,e)∈D×E
(h+(Xd) ∨ h
+(Ye)) ,
and f is the colimit of the coprojections h+(Xd) → h
+(Xd) ∨ h
+(Ye) over all pairs
(d, e) in D × E. Let us write ϕd,e for the coprojection Xd → Xd ∨ Ye. By Example
19, the morphism Symn(ϕd,e) has a Ku¨nneth tower whose ith term has the form
2˜i(ϕd,e) ≃
∨
(n−i)≤l≤n
(SymlXd ∧ Sym
n−lYe) .
Hence, we have an isomorphism
h+(2˜ni (ϕd,e)) ≃
∨
(n−i)≤l≤n
(
Symlgh
+(Xd) ∧ Sym
n−l
g h
+(Ye)
)
.
Taking colimit over D × E, we get that
L
n
i (f) := colim
(d,e)∈D×E
h+(2˜ni (ϕd,e))
is isomorphic to the coproduct (16), as required. 
Lemma 29. Let
(17) A
f

g // X
f ′

B
g′
// Y
be a cocartesian in ∆opS∗, where f is the image of a termwise coprojection in ∆
opC
through the functor h+. One has the following assertions:
(a) If X is a representable simplicial sheaf, then Y is so, and f ′ is the image
of a termwise coprojection in ∆opC through the functor h+.
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(b) Suppose that A and B are compact objects. If X is in (∆opC )#+, then so is
Y . Moreover, if X is a directed colimit of representable simplicial sheaves
which are compact, then so is Y .
Proof. (a). By hypothesis, there are a termwise coprojection ϕ : A → B and a
morphism ψ : A → X in ∆opC such that f = h+(ϕ) and g = h+(ψ). Since ϕ is a
termwise coprojection, we have a cocartesian square
A
ϕ

ψ // X
ϕ′

B
ψ′
// Y
in ∆opC , where ϕ′ is a termwise coprojection. As h preserves finite coproducts, we
deduce that Y is isomorphic to h+(Y ) and f ′ = h+(ϕ′).
(b). Suppose that X is the colimit of a directed diagram {Xd}d∈D, where Xe is
a representable simplicial sheaf. Since A is compact, there exists an element e ∈ D
such that the morphism g factors through an object Xe. For every ordinal d ∈ D
with e ≤ d, we consider the following cocartesian square
A
f

// Xd

B // B ∐A Xd
By item (a), the simplicial sheaf B ∐A Xd is representable. Therefore, we get a
cocartesian square
A
f

g // colimd∈D Xd

B // colime≤d
d∈D
(B ∐A Xd)
as required. 
Lemma 30. Every Iproj-cell complex of ∆
opS∗ is a directed colimit of representable
simplicial sheaves which are compact. In particular, every Iproj-cell complex of
∆opS∗ is in (∆
opC )#+.
Proof. Since an element of Iproj-cell is a transfinite composition of pushouts of el-
ement of Iproj, the lemma follows by transfinite induction in view of Lemma 29
(b). 
4. Geometric symmetric powers under A1-localization
In this section, we follow the ideas of Voevodsky [33] in order to prove that geomet-
ric symmetric powers preserve A1-weak equivalences between simplicial Nisnevich
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sheaves which termwise are coproducts of representable sheaves. We also prove the
existence of the left derived functors associated to geometric symmetric powers.
Let C be an admissible category of schemes over a field k. For an integer n ≥ 1,
the category C Σn denotes the category of functors Σn → C , where Σn is viewed as
a category. We recall that C Σn can be viewed as the category of Σn-objects of C .
Let X be an Σn-object on C and let x ∈ X . The stabilizer of x is by definition
the subgroup stab(x) consisting of elements σ ∈ Σn such that σ.x = x. A family of
morphisms {fi : Ui → X}i∈I in C
Σn is called Σn-equivariant Nisnevich covering if
each morphism fi, viewed as a morphism of C , is e´tale and we have the following
property: for each point x ∈ X , viewed as an object of C , there exist an index i ∈ I
and a point y ∈ Ui such that: fi(y) = x, the canonical homomorphism of residual
fields k(x) → k(y) is an isomorphism, and the induced homomorphisms of groups
stab(y) →֒ stab(x) is an isomorphism. Let (C Σn)Nis be the site consisting of C
Σn
and the Grothendieck topology formed by the Σn-equivariant Nisnevich coverings.
We denote by S Σn the category of sheaves on (C Σn)Nis.
Remark 31. For n = 1, a Σn-equivariant Nisnevich covering is a usual Nisnevich
covering in C .
A Cartesian square in C Σn of the form (2) is an elementary distinguished square if
p is an e´tale morphism and j is an open embedding when we forget the action of Σn,
such that the morphism of reduced schemes p−1(X − U)red → (X − U)red is an iso-
morphism. Notice that when n = 1, this definition coincide with the usual definition
of an elementary distinguished square. The above square induces a diagram
∆Y [0]+ ∨∆Y [0]+

// ∆Y [0]+ ∧∆[1]+
∆U [0]+ ∨∆V [0]+
We denote by KQ the pushout in ∆
opS Σn∗ of the above diagram and denote by
GΣn,Nis the set of morphisms in C
Σn of canonical morphisms from KQ to ∆X [0]+.
The set GΣn,Nis is called set of generating Nisnevich equivalences. On the other
hand, we denote by PΣn,A1 the set of morphisms in C
Σn which is isomorphic to
the projection from ∆X [0]+ ∧ ∆A1 [0]+ to ∆X [0]+, for X in C
Σn . By Lemma 13 [5,
page 392], the class of A1-weak equivalences in ∆opS Σn coincides with the class
(18) cl∆¯(GΣn,Nis ∪ PΣn,A1) .
We denote by Const : C → C Σn the functor which sends X to the Σn-object X ,
where Σn acts on X trivially. Let colimΣn : C
Σn → C be the functor which sends X
to colimΣn X = X/Σn. By definition of colimit, the functor colimΣn is left adjoint
to the functor Const. It turns out that the functor Const preserves finite limits and
it sends Nisnevich coverings to Σn-equivariant Nisnevich coverings. In consequence,
the functor Const is continuous and the functor colimΣn is cocontinuous.
Let Λn : C → C
Σn be the functor which sends X to the nth fold product X×n.
Then, the endofunctor Symn of C is nothing but the composition of colimΣn with
Λn.
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Proposition 32. The cocontinuous functor colimΣn : (C
Σn)Nis → CNis is also con-
tinuous. In consequence, it is a morphism of sites.
Proof. See [5, Prop. 43] 
The previous proposition says that the functor colimΣn is a morphism of sites,
then it induces an adjunction between the inverse and direct image functors,
(colim
Σn
)∗ : S ⇄ S
Σn : (colim
Σn
)∗ .
Hence, one has a commutative diagram up to isomorphisms
(19) (C Σn)Nis
h

colimΣn // CNis
h

S Σn
(colimΣn )
∗
// S
where h is the Yoneda embedding. We denote by
γn : ∆
op
S
Σn
∗ −→ ∆
op
S
the functor induced by (colimΣn)
∗ defined termwise. From the diagram (19), we
deduce that γn preserve terminal object, then it induces a functor
γn,+ : ∆
op
S
Σn
∗ −→ ∆
op
S∗ .
We write Λ˜n for the left Kan extension of the composite C
Λn−→ C Σn
h
−→ S Σn
along the Yoneda embedding h : C −→ S . Denote by
λn : ∆
op
S −→ ∆opS Σn∗
the functor induced by Λ˜n defined termwise. Since Λ˜n preserves terminal objects,
the functor λn does so, hence it induces a functor
λn,+ : ∆
op
S∗ −→ ∆
op
S
Σn
∗ .
The following lemmas will be used in Theorem 35.
Lemma 33. Left adjoint functors preserves left Kan extensions, in the following
sense. Let L : E → E ′ be a left adjoint functor. If LanGF is the left Kan extension
of a functor F : C → E along a functor G : C → D, then the composite L ◦ LanGF
is the left Kan extension of the composite L ◦ F along G.
Proof. See [25, Lemma 1.3.3]. 
Lemma 34. For every natural n, the endofunctor Symng of ∆
opS is isomorphic to
the composition γn ◦λn. Similarly, Sym
n
g as an endofunctor of ∆
opS∗ is isomorphic
to the composition γn,+ ◦ λn,+.
Proof. Since the functors Symng , γn and λn are termwise, it is enough to show that
Symng , as a endofunctor of S , is isomorphic to the composition of Λ˜n with (colimΣn)
∗.
Indeed, as the functor (colimΣn)
∗ is left adjoint, Lemma 33 implies that the com-
posite
(20) S
Λ˜n // S Σn
(colimΣn )
∗
// S
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is the left Kan extension of the composite
C
Λn // C Σn
h // S Σn
(colimΣn )
∗
// S
along the embedding h : C → S . Now, in view of the commutativity of diagram
(19), the preceding composite is isomorphic to the composite
C
Λn // C Σn
colimΣn // C
h // S
but it is isomorphic to the composite C
Symn
−→ C
h
→ S , which implies that the
composite (20) is isomorphic to Symng , as required. 
We denote by C¯+ the full subcategory of coproducts of pointed objects of the
form (hX)+ in S∗ for objects X in C . For every object X in C , the pointed sheaf
(hX)+ is isomorphic to h(X+). Indeed, (hX)+ is by definition equal to the coproduct
hX∐hSpec(k) and this coproduct is isomorphic to the representable functor hX∐Spec(k)
which is equal to h(X+).
Similarly, we denote by ¯C Σn+ the full subcategory of coproducts of pointed objects
(hX)+ in S
Σn
∗ for objects X in C
Σn .
Theorem 35 (Voevodsky). Let f : X → Y be a morphism in ∆opC¯+. If f is an
A1-weak equivalence in ∆opS∗, then Sym
n
g (f) is an A
1-weak equivalence.
Proof. By Lemma 34, Symng is the composition γn,+ ◦ λn,+. The idea of the proof
is to show that γn,+ and λn,+ preserve A
1-weak equivalences between objects which
termwise are coproducts of representable sheaves. The functor λn,+ sends morphisms
ofWNis,+∪PNis,+ between objects in ∆
opC¯+ to A
1-weak equivalences between objects
in ∆op ¯C Σn+ . Since λn,+ preserves filtered colimits, Lemma 2.20 of [34] implies that
λn,+ preserves A
1-weak equivalence as claimed. Similarly, in view of the class given
in (18), we use again Lemma 2.20 of loc.cit. to prove that γn,+ sends A
1-weak
equivalences between objects in ∆op ¯C Σn+ to A
1-weak equivalences, as required 
We define the functor Φ : ∆opC¯+ → H∗(CNis,A
1) as the composite
∆opC¯+ →֒ ∆
op
S∗ → H∗(CNis,A
1) .
where the first arrow is the inclusion functor and the second arrow is the localization
functor with respect to the A1-weak equivalences.
Lemma 36. Let C be an admissible category. The functor
Φ : ∆opC¯+ → H∗(CNis,A
1)
is a strict localization, that is, for every morphism f in H∗(CNis,A
1), there is a
morphism g of ∆opC¯+ such that the image Φ(g) is isomorphic to f .
Proof. By Theorem 2.5 of [22, page 71], the category H∗(CNis,A
1) is the localiza-
tion of the category H∗(CNis) with respect to the image of A
1-weak equivalences
trough the canonical functor. Then, it is enough to prove that the canonical functor
∆opC¯+ → H∗(CNis) is a strict localization. Indeed, let f : X → Y be a morphism
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of pointed simplicial sheaves on the site CNis representing a morphism in H∗(CNis).
The functorial resolution Qproj gives a commutative square
Qproj(X )
Qproj(f)
//

Qproj(Y )

X
f
// Y
where the vertical arrows are object-wise weak equivalences. Since the object-wise
weak equivalences are local weak equivalences, the vertical arrows of the above
diagram are weak equivalences. This implies that f is isomorphic to Qproj(f) in
H∗(CNis). Moreover, by Corollary 10, the morphism Q
proj(f) is in ∆opC¯+. 
Corollary 37. For each integer n ≥ 1, there exists the left derived functor LSymng
from H∗(CNis,A
1) to itself such that we have a commutative diagram up to isomor-
phism
(21) ∆opC¯+
Φ

Symng // ∆opS∗

H∗(CNis,A
1)
LSymng
// H∗(CNis,A
1)
where the right arrow is the localization functor.
Proof. By theorem 35, the functor Symng preserves A
1-weak equivalences between
objects in ∆opC¯+. Hence, the composite
∆opC¯+
Symng
−→ ∆opS∗ −→ H∗(CNis,A
1)
sends A1-weak equivalences to isomorphisms. Then, by Lemma 36 there exists a
functor LSymng such the diagram (21) commutes and for every simplicial sheaf X ,
the object LSymng (X ) is isomorphic to Sym
n
g (Q
proj(X )) in H∗(CNis,A
1). 
5. Lambda structures
Our goal in this section is to prove the main Theorem 42 which asserts that the left
derived geometric symmetric powers LSymng , for n ∈ N (see Corollary 37), induce
a λ-structure on the pointed motivic homotopy category H∗(CNis,A
1). We start
by giving the definition of λ-structure on the homotopy category of a symmetric
monoidal model category as in [8].
Let C be a closed symmetric monoidal model category with unit 1. A λ-structure
on Ho (C ) is a sequence Λ∗ = (Λ0,Λ1,Λ2, . . . ) consisting of endofunctors Λn of
Ho (C ) for n ∈ N, satisfying the following axioms:
(i) Λ0 = 1, Λ1 = id
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(ii) (Ku¨nneth tower axiom). For any cofibre sequence X
f
→ Y → Z in Ho (C ),
and any n ∈ N, there is a unique sequence
Λn(X) = Ln0 → L
n
1 → · · · → L
n
i → · · · → L
n
n = Λ
n(Y )
called Ku¨nneth tower, such that for any index 0 ≤ i ≤ n, the quotient
Lni /L
n
i−1 in C is weak equivalent to the product Λ
n−i(X) ∧ Λi(Z).
(iii) (Functoriality axiom). For any morphism of cofibre sequences
X //

Y //

Z

X ′ // Y ′ // Z ′
in Ho (C ), there is a commutative diagram
Λn(X) = Ln0 //

Ln1 //

Ln2 //

· · · · · · // Lnn−1 //

//

Lnn = Λ
n(Y )

Λn(X ′) = L′n0
// L′n1
//// L′n2
// · · · · · · // L′nn−1 //// L
′n
n = Λ
n(Y ′)
in Ho (C ), were the horizontal sequences are their respective Ku¨nneth towers.
Let Symn be the abstract nth fold symmetric power defined on ∆opS∗, for n ∈ N,
which is defined for every pointed simplicial sheaf X as the quotient Symn(X ) :=
(X ∧n)/Σn.
Example 38. The left derived functors LSymn, for n ∈ N, provide a λ-structure
on H∗(CNis,A
1) (see [8, Theorem 57] for the proof in the context Nisnevich sheaves
on the category of smooth schemes). Indeed, the morphism ∆A1 [0] → ∆Spec(k)[0]
is a diagonalizable interval, meaning that ∆A1 [0] has a structure of symmetric co-
algebra in the category ∆opS . We claim that the class of cofibrations and the
class of trivial cofibrations in ∆opS are symmetrizable. Since cofibrations in ∆opS
are section-wise cofibrations of simplicial sets, it follows from Proposition 55 of [8]
that cofibrations are symmetrizable. Let f be a trivial cofibration in ∆opS . As
f is a cofibration, it is a symmetrizable cofibration. For every point P of the site
CNis, the induced morphism fP is a weak equivalence of simplicial sets. By [8,
Lemma 54], the nth fold symmetric power Symn(fP ) is also a weak equivalence.
Since the morphism Symn(f)P coincide with Sym
n(fP ), we deduce that the nth fold
symmetric power Symn(f) is a weak equivalence too. Hence, by [8, Corollary 54], f
is a symmetrizable trivial cofibration. Finally, Theorem 38 and Theorem 22 of [8]
imply the existence of left derived functors LSymn, for n ∈ N, and they provide a
λ-structure on H∗(CNis,A
1).
Proposition 39. Let C be an admissible category. Every cofibre sequence in H∗(CNis,A
1)
is isomorphic to a coprojection sequence of the form
A → B → B/A ,
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where A → B is in Iproj-cell and A is an Iproj-cell complex. In particular, A → B
is a morphism in ∆opC¯+.
Proof. Let X → Y → Z be a cofibre sequence in H∗(CNis,A
1), where f is a
cofibration from X to Y in ∆opS∗, such that Z = Y /X . Let Q
proj be the
cofibrant resolution given in section 2. We write A := Qproj(X ) and consider the
induced morphism A → X . By Corollary 9, the composition of A → X with f
induces a commutative diagram
A
α(f)
//

B
β(f)

X
f
// Y
where β(f) is a sectionwise trivial fibration and α(f) is in Iproj-cell. By [12, Prop.
6.2.5], the cofibre sequence A → B → B/A is isomorphic to the cofibre sequence
X
[f ]
→ Y → Z in H∗(CNis,A
1).

Proposition 40. Let f : X → Y be a morphism in Iproj-cell, where X is an
Iproj-cell complex. Then, for each n ∈ N, Sym
n
g (f) has a functorial Ku¨nneth tower.
Proof. By virtue of Lemma 30, X and Y are directed colimit of representable sim-
plicial sheaves. By Proposition 6.1.13 of [18], the morphism f can be expressed
as the colimit of a directed diagram {fd}d∈D of morphisms of representable simpli-
cial sheaves. Hence, by Proposition 27, the nth fold geometric symmetric power
Symng (fd) has a Ku¨nneth tower
(22) L n0 (fd) // L
n
1 (fd) // · · · // L
n
n (fd) .
For each index 0 ≤ i ≤ n, we define
L
n
i (f) := colim
d∈D
L
n
i (fd) .
Thus, we get a sequence
(23) L n0 (f) −→ L
n
1 (f) −→ · · · −→ L
n
n (f) .
Let us show that this gives a Ku¨nneth tower of Symng (f) that is functorial in f .
Since the sequence (22) is a Ku¨nneth tower of Symng (fd), we have an isomorphism
L
n
i (fd)/L
n
i−1(fd) ≃ Sym
n−i
g (h
+(Xd)) ∧ Sym
i
g(h
+(Yd)/h
+(Xd)) .
Hence, taking the colimit, for d ∈ D, we get the an isomorphism
(24) L ni (f)/L
n
i−1(f) ≃ Sym
n−i
g (X ) ∧ Sym
i
g(Y /X ) .

Lemma 41. The endofunctor LSym0g of H∗(CNis,A
1) is the constant functor with
value 1, where 1 is the object ∆Spec(k)[0] in H∗(CNis,A
1), and the endofunctor LSym1g
is the identity functor on H∗(CNis,A
1).
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Proof. Since Sym0X = Spec(k) for every scheme X in C , the endofunctor Sym0
of C is constant with value Spec(k). By the lef Kan extension, we deduce that
Sym0 extends to an endofunctor Sym0g of ∆
opS given by X 7→ ∆Spec(k)[0]. Hence,
we deduce that LSym0g is the endofunctor of H∗(CNis,A
1) given by X 7→ 1. On
the other hand, for every scheme X in C , we have Sym1X = X . By the left Kan
extension, we deduce that the endofunctor Sym1g of ∆
opS is the identity functor,
then LSym0g is the identity functor on H∗(CNis,A
1). 
Now, we are ready to state and prove our main theorem.
Theorem 42. The endofunctors LSymng , for n ∈ N, provides a λ-structure on
H∗(CNis,A
1).
Proof. By Lemma 41, LSym0g is the constant functor with value 1, and LSym
1
g is
the identity functor on H∗(CNis,A
1). Let X → Y → Z be a cofibre sequence in
H∗(CNis,A
1) induced by a cofibration f : X → Y in the injective model structure
of ∆opS∗. By Proposition 39, we can assume that f is in Iproj-cell and X is an
Iproj-cell complex. Hence, by Proposition 40, for each index n ∈ N, Sym
n
g (f) has a
Ku¨nneth tower,
(25) Symng (X ) = L
n
0 (f)→ L
n
1 (f)→ · · · → L
n
n (f) = Sym
n
g (Y ) ,
which induces a Ku¨nneth tower,
LSymng (X ) = LL
n
0 (f)→ LL
n
1 (f)→ · · · → LL
n
n (f) = LSym
n
g (Y ) ,
of LSymng (f) in H∗(CNis,A
1). Finally, the functoriality axiom follows from the
functionality of Ku¨nneth towers of the form (25), see Proposition 40. 
6. Morphisms of Lambda structures
In this section we define a morphism between two λ-structures as a sequence
of natural transformations which are compatible with their Ku¨nneth towers. We
show the existence of a natural morphism of λ-structures from left derived categoric
symmetric powers to the left derived geometric symmetric powers, see Theorem 49.
Let us consider the monoidal product ∧ : ∆opS∗ ×∆
opS∗ → ∆
opS∗. We recall
that, for any two morphisms f : X → Y and f ′ : X ′ → Y ′ in ∆opS∗, the box
operation of f and f ′ is the object
2(f, f ′) = (X ∧ Y ′) ∨X ∧X ′ (Y ∧X
′)
together with a universal morphism f2f ′ : 2(f, f ′)→ Y ∧ Y ′. The box operation
2 is associative and commutative, therefore for a finite collection of morphisms
of pointed simplicial sheaves {fi : Xi → Yi | i = 1, . . . , n}, we have an induced
morphism
f12 · · ·2fn : 2(f1, . . . , fn)→ Y1 ∧ · · · ∧ Yn .
For each n ≥ 2, we write 2n(f) = 2(f, · · · , f) and f2n = f2 · · ·2f . By convention,
we set 21(f) = X and f21 = f . Let {0, 1} be the category with two objects with
only one non-identity morphism 0 → 1. The n-fold cartesian product {0, 1}n of
{0, 1} is a category whose objects are n-tuples (a1, . . . , an) where each ai is 0 or 1,
and a morphism (a1, . . . , an)→ (a
′
1, . . . , a
′
n) is characterized by the condition ai ≤ a
′
i
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for all i = 1, . . . , n. Notice that the giving of a functor K : {0, 1} → C is the same
as giving two objects K(0) = X , K(1) = Y and a morphism K(0 → 1) = f from
X to Y . For any morphism f : X → Y in ∆opS∗ and any integer n ≥ 1, let
Kn(f) : {0, 1}n → ∆opS∗ be the composition of the n-fold cartesian product K(f)
n
of the functor K(f) : {0, 1} → ∆opS∗ with the functor ∧ : (∆
opS∗)
n → ∆opS∗
which sends an object (X1, . . . ,Xn) to the product X1 ∧ · · · ∧ Xn. For instance,
the functor K2(f) is the commutative diagram of the form
X ∧X //

Y ∧X

X ∧ Y // Y ∧ Y
For any 0 ≤ i ≤ n, we denote by {0, 1}ni the full subcategory of {0, 1}
n generated by
n-tuples (a1, . . . , an) with a1+ · · ·+an ≤ i. We shall denote by K
n
i (f) the restriction
of Kn(f) on {0, 1}ni . For instance, if n = 2, we have that K
2
0(f) is X ∧X ∧ X ,
K21 (f) is the diagram
X ∧X //

Y ∧X
X ∧ Y
and K22 (f) = K
2(f). We set
2
n
i (f) = colimK
n
i (f).
Let f : X → Y be a morphism in ∆opS∗ as before. Notice that, as K
n
0 (f) = X
∧n,
we have 2n0 (f) = X
∧n, and since Knn(f) = Y
∧n, we have 2nn(f) = Y
∧n. In view of
the sequence of sub-diagrams
Kn0 (f) ⊂ K
n
1 (f) ⊂ · · · ⊂ K
n
n (f) ,
we have a sequence of morphisms in ∆opS∗,
X
∧n = 2n0 (f)→ 2
n
1 (f)→ · · · → 2
n
n(f) = Y
∧n
and its composite is nothing but the n-fold product f∧n : X ∧n → Y ∧n of f .
Lemma 43. Let f : X → Y be a morphism in ∆opS∗ and fix a natural number n.
The symmetric group Σn acts naturally on each object 2
n
i (f) for all i = 1, . . . , n.
Proof. We observe that the symmetric group Σn acts naturally on the category
{0, 1}n. Any permutation σ ∈ Σn induces an automorphism σ : {0, 1}
n → {0, 1}n
taking a n-tuple (a1, . . . , an) to (aσ(1), . . . , aσ(1)). Notice that if a1 + · · · + an ≤ i
then aσ(1) + · · · + aσ(n) = a1 + · · ·+ an ≤ i, so the subcategory {0, 1}
n
i is invariant
under the action of Σn. Thus, every automorphism σ : {0, 1}
n → {0, 1}n induces an
automorphism σ : {0, 1}ni → {0, 1}
n
i for 1 ≤ i ≤ n. For any morphism (a1, . . . , an)→
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(a′1, . . . , a
′
n) in {0, 1}
n, we have a commutative square
Kni (f)(a1, . . . , an)
σ //

Kni (f)(aσ(1), . . . , aσ(1))

Kni (f)(a
′
1, . . . , a
′
n) σ
// Kni (f)(a
′
σ(1), . . . , a
′
σ(1))
Then, by the universal property of colimit, there is a unique automorphism φσ of
2
n
i such that we have a commutative diagram
Kni (f)(a1, . . . , an)
σ //

Kni (f)(aσ(1), . . . , aσ(1))

2
n
i (f) φσ
// 2ni (f)
where the vertical morphisms are the canonical morphism. Moreover, the map
φ : Σn → Aut(2
n
i (f)) given by σ 7→ φσ is a homomorphism of groups. This gives
an action of Σn on 2
n
i (f). 
In view of the previous lemma, for every 0 ≤ i ≤ n, we denote
Lni (f) = 2
n
i (f)/Σn .
In particular, we have Ln0 = X
∧n/Σn = Sym
n(X ) and Lnn = Y
∧n/Σn = Sym
n(Y ).
We have the following commutative diagram,
X ∧n = 2n0 (f)
f∧n
,,
//

2
n
1 (f)
//

· · · // 2nn−1(f) //

2
n
n(f) = Y
∧n

SymnX = Ln0 (f)
//
Symnf
22
Ln1 (f)
// · · · // Lnn−1(f) // L
n
n(f) = Sym
n
Y
Morphisms of λ-structures.— Let C be a closed symmetric monoidal model category
with unit 1 and let Λ∗ and Λ′∗ be two λ-structures on Ho (C ). A morphism of λ-
structures from Λ∗ to Λ′∗ consists of a sequence Φ∗ = (Φ0,Φ1,Φ2, . . . ) of natural
transformations Φn from Λn to Λ′n for n ∈ N, such that for any cofibre sequence
X → Y → Z in Ho (C ) and any n ∈ N, there a commutative diagram
Λn(X) = Ln0
//
Φn(X)

Ln1
//

Ln2
//

· · · · · · // Lnn−1 //

//

Lnn = Λ
n(Y )
Φn(Y )

Λ′n(X) = L′n0 // L
′n
1
//// L′n2 // · · · · · · // L
′n
n−1
// // L′nn = Λ
′n(Y )
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For every simplicial sheaf X , we want to construct a natural morphism ϑn
X
from Symn(X ) to Symng (X ) . First of all, let us consider the case when X is a
representable simplicial sheaf hX for X in C . In this case, Sym
n
g (hX) is noth-
ing but hSymnX . In view of the isomorphism (hX)
×n ≃ hXn , the canonical mor-
phism hXn → hSymn induces a morphism (hX)
×n/Σn → hSymn , that is, a morphism
Symn(hX)→ Sym
n
g (hX). We denote this morphism by ϑ
n
hX
or simply by ϑnX .
Proposition 44. For every simplicial sheaf X , there is a functorial morphism
ϑnX : Sym
n(X )→ Symng (X ) .
Proof. It is enough to show for a sheaf X . Indeed, in view of Corollary 21, we have
an isomorphism X ×n ≃ colimhX→X hXn . Hence, one has
Symn(X ) = (X ×n)/Σn
≃ (colim
hX→X
hXn)/Σn
≃ colim
hX→X
(hXn/Σn)
= colim
hX→X
Symn(hX) .
Taking colimit to the canonical morphisms ϑnX : Sym
nhX → Sym
n
ghX , for X in C ,
we get a morphism
colim
hX→X
ϑnX : colim
hX→X
SymnhX → colim
hX→X
SymnghX .
On the one hand, we have seen above that colimhX→X Sym
nhX is isomorphic to
Symn(X ), and on the other hand, colimhX→X Sym
n
ghX is by definition equal to
SymngX . Thus, we get a functorial morphism from Sym
n(X ) to Symng (X ) which
we denote by ϑn
X
. 
Corollary 45. For every pointed simplicial sheaf X , there is a functorial morphism
ϑnX : Sym
n(X )→ Symng (X ) .
Proof. It follows from the previous Proposition 44. 
For each n ∈ N, we denote by ϑn : Symn → Symng the natural transforma-
tion defined for every pointed simplicial sheaf X to be the functorial morphism
ϑn(X ) := ϑn
X
of Corollary 45.
Lemma 46. Let ϕ : X → Y be termwise coprojection in ∆opC+ and let us write
f := h+(ϕ). Then, for every pair of numbers (n, i) ∈ N2 with 0 ≤ i ≤ n, there exists
a canonical morphism
ϑni (f) : L
n
i (f)→ L
n
i (f) ,
such that one has a commutative diagram
(26) Ln0 (f)
//
ϑn0 (f)

Ln1 (f)
//
ϑn1 (f)

· · · · · · // Lnn−1(f) //

//
ϑnn−1(f)

Lnn(f)
ϑnn(f)

L n0 (f) // L
n
1 (f) //// · · · · · · // L
n
n−1(f) //// L
n
n (f)
GEOMETRIC SYMMETRIC POWERS 29
Proof. Let us fix a natural number n. For each index 0 ≤ i ≤ n, L ni (f) is nothing
but the object h+(2˜ni (ϕ)), see Proposition 27. Since the functor h
+ : C+ → S∗
is monoidal, 2ni (f) is canonically isomorphic to h
+(2ni (ϕ)). Thus, we have a
canonical morphism 2ni (f) → L
n
i (f), and this morphism induces a morphism
ϑni (f) : L
n
i (f) → L
n
i (f). Since ϑ
n
i (f) is constructed canonically, we get a com-
mutative diagram (26). 
Example 47. Let us consider a coprojection X → X ∨ Y in ∆opC+ and let f be
the morphism h+(ϕ). We have a commutative diagram
(27) hX ∧ hX //

(hX ∨ hY ) ∧ hX

hX ∧ (hX ∨ hY ) // (hX ∨ hY ) ∧ (hX ∨ hY )
which is induced by a diagram
X ∧X //

(X ∨ Y ) ∧X

X ∧ (X ∨ Y ) // (X ∨ Y ) ∧ (X ∨ Y )
Then, one gets canonical morphisms
ϑ20(f) : L
2
0(f) −→ L
2
0 (f) ,
ϑ21(f) : L
2
1(f) −→ L
2
1 (f) ,
ϑ22(f) : L
2
2(f) −→ L
2
2 (f) .
where their domains have the form
2
2
0(f) = hX∧X ,
2
2
1(f) = hX∧(X∨Y ) ∧hX∧X h(X∨Y )∧X ,
2
2
2(f) = hX∧Y ∧ hX∧Y
and their codomains have the shape
L
2
0 (f) = hSym2X ,
L
2
1 (f) = hSym2X ∧ (hSym1X ∨ hSym1Y ) ,
L
2
2 (f) = hSym2X ∧ (hSym1X ∨ hSym1Y ) ∧ hSym2Y .
Proposition 48. Let f : X → Y be a morphism of pointed simplicial sheaves in
Iproj-cell such that X is an Iproj-cell complex. Then, for every index 0 ≤ i ≤ n,
there exists a canonical morphism
ϑni (f) : L
n
i (f)→ L
n
i (f) ,
such that one has a commutative diagram
(28) Ln0 (f) //
ϑn0 (f)

Ln1 (f) //
ϑn1 (f)

· · · · · · // Lnn−1(f) //

//
ϑnn−1(f)

Lnn(f)
ϑnn(f)

L n0 (f) // L
n
1 (f) //// · · · · · · // L
n
n−1(f) //// L
n
n (f)
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where ϑn0 (f) = ϑ
n
X
and ϑnn(f) = ϑ
n
Y
.
Proof. As in Proposition 40, the morphism f can be expressed as the colimit of a
directed diagram {fd}d∈D of morphisms of representable simplicial sheaves. Now, by
Lemma 46 we have canonical morphisms ϑni (fd) : L
n
i (fd)→ L
n
i (fd). Hence, taking
colimit we get a morphism
colim
d∈D
ϑni (fd) : colim
d∈D
Lni (fd)→ colim
d∈D
L
n
i (fd) ,
Since this colimit is filtered, colimd∈D L
n
i (fd) is isomorphic to L
n
i (f). Thus, the above
morphism is isomorphic to a morphism from Lni (f) to L
n
i (f), denoted by ϑ
n
i (f).
Finally, the diagrams of the form (26) induce a commutative diagram (28). 
By virtue of Proposition 44, for each n ∈ N, we get a natural transformation
ϑn : Symn → Symng
as functors on the category (∆opC )#+ .
Theorem 49. The natural transformations ϑn : Symn → Symng on (∆
opC )#+, for
n ∈ N, induce a morphism of λ-structures from the left derived categoric symmetric
powers to the left derived geometric powers on H∗(CNis,A
1).
Proof. The natural transformations ϑn : Symn → Symng for n ∈ N induce a natural
transformation of derived functors Lϑn : LSymn → LSymng on H∗(CNis,A
1). Hence
we apply Proposition 48 to get morphisms of Ku¨nneth towers. 
7. Generalities of symmetric spectra
In this section C will denote a small admissible category contained in the category
of quasi-projective schemes over a field k of arbitrary characteristic. The letter S
to denote the category of simplicial Nisnevish sheaves and the category ∆opS∗ is
the category of pointed simplicial sheaves studied in the previous sections. We write
S1 for pointed simplicial circle, i.e. the cokernel of the morphism ∂∆[1]+ → ∆[1]+
in ∆opSet∗. We shall denote by T the smash product S
1 ∧ (Gm, 1). There is an
isomorphism T ≃ (P1,∞) in H∗(CNis,A
1), cf. [22, Lemma 3.2.15].
Symmetric spectra.— Let Σ be the category, whose objects are natural numbers, and
for any two natural numbers m and n, HomΣ(m,n) is the group of permutations
Σn if m = n, and it is 0 otherwise. If X = (X0,X1, . . . ) and Y = (Y0,Y1, . . . ) are
two symmetric sequences on ∆opS∗, then there is a product X ∧ Y given by the
formula
(X ∧ Y )n =
∨
i+j=n
corΣnΣi∧Σj(Xi ∧ Yj) .
A symmetric T -spectrum on ∆opS∗ is a sequence of Σn-objects Xn in ∆
opS∗ to-
gether with Σn-equivariant morphisms Xn ∧ T → Xn+1 for n ∈ N, such that the
composite
Xm ∧ T
∧n → Xm+1 ∧ T
∧(n−1) → · · · → Xm+n
is Σm+n-equivariant for all couples (m,n) ∈ N
2. We denote by SptT (k) the cat-
egory of symmetric T -spectra on the category ∆opS∗. The category SptT (k) is
naturally equivalent to the category of left modules over the commutative monoid
sym(T ) := (Spec(k)+, T, T
∧2, T∧3, . . . ), see [15, Prop. 2.2.1]. For each n ∈ N, there
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is an evaluation functor Evn from SptT (k) to ∆
opS∗ which takes a symmetric T -
spectrum X to its nth slice Xn. The evaluation functor Evn has a left adjoint
functor denoted by Fn. The functor F0 is called suspension functor, and it is usually
denoted by Σ∞T . This functor takes simplicial sheaf X to the symmetric T -spectrum
(X ,X ∧ T,X ∧ T∧2, . . . ). For a scheme X in C , we write Σ∞T (X+) instead of
Σ∞T (∆X [0]+). A morphism of T -spectra f : X → Y is a level A
1-weak equiva-
lence (a level fibration) if each term fn is an A
1-weak equivalence (a fibration) in
∆opS∗ for all n ∈ N. We say that f is a projective cofibration if it has the left
lifting property with respect to both level A1-equivalences and level fibrations. The
class of level A1-weak equivalences, the class of the level fibrations and the class
of projective cofibrations define a left proper cellular model structure on SptT (k)
called projective model structure, see [13]. Let I (resp. J) be the set of generat-
ing (resp. trivial) cofibrations of the injective model structure of ∆opS∗. The set
IT :=
⋃
n≥0 Fn(I) (resp. JT :=
⋃
n≥0 Fn(J)) is the set of generating cofibrations
(resp. trivial cofibrations) of the projective model structure of SptT (k), cf. [13].
In order to define the stable model structure on SptT (k), one uses the Bousfield
localization of its projective model structure with respect to a certain set of mor-
phisms of symmetric T -spectra, so that the functor − ∧ T : SptT (k) → SptT (k)
becomes a Quillen equivalence. We shall define this set as follows. For every simpli-
cial sheaf X in ∆opS∗ and every n ∈ N, we denote by ζ
X
n : Fn+1(X ∧T )→ Fn(X )
the morphism which is adjoint to the morphism
X ∧ T → Evn+1(Fn(X )) = Σn+1 ×Σ1 (X ∧ T )
induced by the canonical embedding of Σ1 into Σn. We set
S := {ζXn |X ∈ dom (I) ∪ codom (I), n ∈ N}
The stable model structure on SptT (k) is the Bousfield localization of the projective
model structure on SptT (k) with respect to S, cf. [13]. A S-local weak equivalence
will be called a stable equivalence. The stable model structure on SptT (k) is left
proper and cellular. The functor Σ∞T : ∆
opS∗ → SptT (k) is a left Quillen functor, see
loc.cit. For any two symmetric T -spectra X and Y , its smash product X ∧sym(T )Y
is defined to be the coequalizer of the diagram
X ∧ sym(T ) ∧ Y ⇒ X ∧ Y
induced by the canonical morphisms X ∧ sym(T ) → X and sym(T ) ∧ Y → Y .
The smash product of spectra defines a symmetric monoidal structure on SptT (k).
We denote by SHT (k) the homotopy category of the category SptT (k) with respect
to stable A1-weak equivalences.
Symmetric spectra of chain complexes.— Let Ab be the category of Abelian groups.
The classical Dold-Kan correspondence establishes a Quillen equivalence
N : ∆opAb⇄ ch+(Ab) : Γ
between the category of simplicial Abelian groups and the category of N-graded
chain complexes of Abelian groups. Let A be an Abelian Grothendieck category.
We write ch+(A ) for the category of N-graded chain complexes on A . The above
adjunction induces an adjunction
(29) N : ∆opA ⇄ ch+(A ) : Γ
32 JOE PALACIOS BALDEON
The category ch+(A ) has a monoidal proper closed simplicial model category such
that the class of weak equivalences are quasi-isomorphisms and such that the ad-
junction 29 becomes a Quillen equivalence [17, Lemma 2.5]. For any n ∈ Z, we have
the translation functor ch+(A )→ ch+(A ) which sends a chain complex C to C[n]
defined by (C[n])i := Cn+i for i ≥ 0. For each n ≥ 0, we denote by Z[n] the chain
complex
· · · → 0→ Z→ 0→ · · · → 0
concentrated in degree n. If the symbol ⊗ denotes the tensor product of N-graded
chain complexes of Abelian groups, then, for n ∈ N, we have Z[n] = Z[1]⊗n. Hence,
the symmetric group Σn acts naturally on Z[n], and we have the symmetric sequence
sym(Z[1]) = (Z[0],Z[1],Z[2], · · · )
in ch+(Ab). For any chain complex C∗ in ch−(A ), we have
C∗ ⊗ Z[n] = C∗[−n] .
Let SptZ[1](ch+(A)) be the category of symmetric Z[1]-spectra. Its objects are
symmetric sequences (C0, C1, . . . , Cn . . . ) where each Cn is a chain complex in ch+(A)
together with an action of the symmetric group Σn on it. For a symmetric Z[1]-
spectrum C∗, we have structural morphisms of the form Cn ⊗ Z[1] → Cn+1 for
n ∈ N.
Rational stable homotopy category of schemes.— In the next paragraphs, we shall
recall some results on rational stable homotopy categories of schemes over a field.
Here, SHT (k) will be the stable A
1-homotopy category of smooth schemes over a field
k constructed in [16]. One result that is very important is a theorem due to Morel
which asserts an equivalence of categories between the rational stable homotopy
category SHT (k)Q and the rational big Voevodsky’s category DM(k)Q. This will
allows us to show the existence of transfers of some morphisms in SHT (k)Q that will
be studied in Section 10 and 11.
Let T be a triangulated category with small sums and with a small set of compact
generators [23]. An object T in T is said to be torsion (resp. uniquely divisible)
if for every compact generator X in T , the canonical morphism from HomT (X, T )
to HomT (X, T )⊗Z Q is the zero morphism (resp. an isomorphism). Let Ttor (resp.
TQ) be the triangulated subcategory of T generated by the torsion objects (resp.
uniquely divisible objects). The full embedding functor TQ →֒ T has a left adjoint
LQ : T → TQ and its kernel is nothing but Ttor. Then, TQ is equivalent to the
Verdier quotient T /Ttor (see [26, Annexe A]). We denote by SHT (k)Q the Verdier
quotient of SHT (k) by the full-subcategory SHT (k)tor generated by compact torsion
objects. We recall that a morphism of symmetric T -spectra f : X → Y is a stable
A1-weak equivalence if and only if the induced morphism
f∗ : HomSHT (k)(Σ
∞
T (S
r ∧Gsm ∧ U+),X )→ HomSHT (k)(Σ
∞
T (S
r ∧Gsm ∧ U+),Y )
is an isomorphism of Abelian groups for all couples (r, s) ∈ N2 and all smooth
schemes U over k (see [12, Th. 1.2.10(iv)] and [24, Cor. 3.3.8]). A morphism of
T -spectra f : X → Y is called rational stable A1-weak equivalence if the induced
morphism f∗ ⊗ Q is an isomorphism of Q-vector spaces for all couples (r, s) ∈ N
2
and all smooth schemes U over k. The localization of SHT (k) with respect to the
rational stable A1-weak equivalences coincides with SHT (k)Q.
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Motivic categories.— Let AbtrNis be the category of Nisnevich Abelian sheaves with
transfers on the category of smooth schemes Sm/k over a field k c.f. [19, 4]. Let
τ be either the h-topology or qfh-topology on the category of k-schemes of finite
type. We write Abtrτ for the category of τ -Abelian sheaves with transfers on the
category of k-schemes of finite type. We consider the A1-localized model category of
the projective model structure on ch+(Ab
tr
Nis) and in ch+(Ab
tr
τ ). Let DM(k) be the
homotopy category of the category of symmetric T -spectra SptT (ch+(Ab
tr
Nis)) with
respect to stable A1-weak equivalences. If the characteristic of k is zero, then DM(k)
is equivalent to the homotopy category of the category of modules over the motivic
spectrum [27]. We denote by DM(k)τ the homotopy category of the category of
symmetric T -spectra SptT (ch+(Ab
tr
τ )) with respect to stable A
1-weak equivalences.
We write DMτ (k) for the localizing subcategory of DMτ (k) generated by the objects
of the form Σ∞T Zτ (X)(m)[n] for k-smooth schemes of finite type X and for all couples
(m,n) ∈ Z, see [6]. One has an adjunction of triangulated categories
Hu : SHT (k)⇄ DM(k) : H
where Hu is the Hurewicz functor and H is the Eilenberg McLane functor [21,
6]. This adjunction induces an adjunction of triangulated categories with rational
coefficients
HuQ : SHT (k)Q ⇄ DM(k)Q : HQ
We write S0 for the sphere T -spectrum. Let ǫ : S0 → S0 be the morphism of spectra
induced by the morphism Gm → Gm which comes from the homomorphism of k-
algebras k[x, x−1] → k[x, x−1] given by x 7→ x−1. Notice that ǫ is idempotent i.e.
ǫ2 = ǫ. Since SHT (k)Q has small coproducts (see [23]), the triangulated category
SHT (k)Q is pseudo-abelian, then the morphism ǫ splits. Hence, S
0
Q splits into a direct
sum S0Q = S
0
Q,+ ⊕ S
0
Q,− in SHT (k)Q. This decomposition induces a decomposition
SHT (k)Q = SHT (k)Q,+ × SHT (k)Q,− .
Theorem 50 (Morel). Suppose that −1 is a sum of squares in k. Then we have an
equivalence of categories SHT (k)Q ≃ DM(k)Q.
Proof. The fact that −1 is a sum of squares in k implies that the category SHT (k)Q,+
coincides with SHT (k)Q. Hence, the theorem follows from Theorem 16.1.4 and
Theorem 16.2.13 in [6]. 
Let DA1(k) be the homotopy category of the category of symmetric T -spectra
SptT (ch+(AbNis)) with respect to stable A
1-weak equivalences. The category of
Beilinson motives DMБ(k) is the Verdier quotient of DA1(k)Q by the localizing sub-
category generated by HБ-acyclic objects, where HБ is the Beilison motivic spec-
trum, see [6, 26]. If −1 is a sum of squares in k, then we have a diagram of
equivalences of categories:
SHT (k)Q DA1(k)Q DMБ(k) DM(k)Q
DMh(k)Q
DMqfh(k)Q
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For the proof of these equivalences see [6, 21]. As a consequence, we obtain the
following corollary.
Corollary 51. If −1 is a sum of squares in k, then we have an equivalence of
categories SHT (k)Q ≃ DMqfh(k)Q.
Proof. It is a consequence of the preceding considerations, see [6]. 
8. Geometric symmetric powers of motivic spectra
In this section, we shall define geometric symmetric powers Symng,T on the category
of symmetric T -spectra of motivic spaces on admissible categories of schemes over a
field. We show that they extend, in a natural way, the geometric symmetric powers
Symng of motivic spaces discussed in Section 3, see Proposition 56.
Let C ⊂ Sch/k be an admissible category and let SptT (k) be the category of T -
spectra on the category ∆opS∗. We denote by Sym
n
T the categoric symmetric power
in SptT (k), that is, for a symmetric T -spectrum X , Sym
n
T (X ) is the quotient of
the nth smash fold product X ∧n by the symmetric group Σn.
Lemma 52. We have a commutative diagram
∆opS∗
Symn //
Σ∞T

∆opS∗
Σ∞T

SptT (k) SymnT
// SptT (k)
Proof. Let X be a pointed simplicial sheaf in ∆opS∗. By [12, Th. 6.3], the functor
Σ∞T : ∆
opS∗ → SptT (k) is a monoidal Quillen functor. Hence, for n ∈ N, the
suspension Σ∞T (X
∧n) is isomorphic to the product Σ∞T (X )
∧n. Since Σ∞T is a left
adjoint functor, we have
Σ∞T (Sym
n
X ) = Σ∞T (X
∧n/Σn)
≃ Σ∞T (X
∧n)/Σn
≃ Σ∞T (X )
∧n/Σn
≃ SymnT (Σ
∞
T X ) .
This proves the lemma. 
Corollary 53. For every simplicial sheaf X in ∆opS∗, we have an isomorphism
(Ev0 ◦ Sym
n
T ◦ Σ
∞
T )(X ) ≃ Sym
n(X ) .
Proof. It follows from the previous lemma in view that Ev0(Σ
∞
T Y ) = Y for a pointed
simplicial sheaf Y . 
The category ∆opC is symmetric monoidal. For two simplicial objects X and Y ,
the product X × Y is the simplicial object such that each term (X × Y )n is given
by the product Xn × Yn. If X = (X0, X1, X2, . . . ) and Y = (Y0, Y1, Y2, . . . ) are two
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symmetric sequences on ∆opC , then we have a product X ⊗ Y which given by the
formula
(X ⊗ Y )n =
∐
i+j=n
corΣnΣi×Σj(Xi × Yj) .
For every symmetric sequence X = (X0, X1, X2, . . . ) on the category ∆
opC and
for every n ∈ N, there exists the quotient X⊗n/Σn in the category of symmetric
sequences on ∆opC . For every p ∈ N, we have
(X⊗n)p =
∐
i1+···+in=p
cor
Σp
Σi1×···×Σin
(Xi1 × · · · ×Xin)
and the symmetric group Σn acts on (X
⊗n)p by permutation of factors. As C allows
quotients by finite groups, the quotient (X⊗n)p/Σn is an object of C for all p ∈ N.
Notice that the 0th slice of X⊗n/Σn is nothing but the usual nth symmetric power
Symn(X0) = X
⊗n
0 /Σn in C .
Let us fix an object S of ∆opC . A symmetric S-spectrum on ∆opC is a sequence
of Σn-objects Xn in ∆
opC together with Σn-equivariant morphisms Xn×S → Xn+1
for n ∈ N, such that the composite
Xm × S
×n → Xm+1 × S
×(n−1) → · · · → Xm+n
is Σm+n-equivariant for all couples (m,n) ∈ N
2. We denote by SptS(∆
opC ) the
category of symmetric S-spectra on ∆opC . We have a suspension functor F0 from
∆opC to SptS(∆
opC ) that takes an object X of ∆opC to the symmetric S-spectrum
of the form (X,X × S,X × S×2, . . . ).
Let T be the pointed simplicial sheaf (P1,∞) and let T ′ be the pointed simplicial
sheaf P1+ in ∆
opS∗. The canonical functor h
+ : ∆opC → ∆opS∗ induces a functor
H ′ : SptP1(∆
op
C )→ SptT ′(k)
which takes a symmetric P1-spectrum (X0, X1, . . . ) to the symmetric T
′-spectrum
(h+(X0), h
+(X1), . . . ). Since C is a small category, the category ∆
opC is also small.
Hence, the category SptP1(∆
opC ) is so.
Let f : T ′ → T be the canonical morphism of simplicial sheaves. This morphism
induces a morphism of commutative monoids sym(T ′) → sym(T ). In particular,
sym(T ) can be seen as symmetric T ′-spectrum. For any two symmetric T ′-spectra
X and Y , we write X ∧sym(T ′) Y for the coequalizer of the diagram
X ∧ sym(T ′) ∧ Y
//
// X ∧ Y
induced by the canonical morphisms X ∧ sym(T ′) → X and sym(T ′) ∧ Y → Y .
For every symmetric T ′-spectrum X , the symmetric sequence X ∧sym(T ′) sym(T ) is
a symmetric T -spectrum. We have a functor
(−) ∧sym(T ′) sym(T ) : SptT ′(k) −→ SptT (k) .
which is left adjoint. Its right adjoint functor is the restriction functor resT/T ′ that
sends a symmetric T -spectrum X to X itself thought as a symmetric T ′-spectrum
via the morphism f : T ′ → T . Let
H : SptP1(∆
op
C )→ SptT (k)
be the composition of H ′ with the functor (−) ∧sym(T ′) sym(T ).
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Let U be an object in SptP1(∆
opC ) and let n be a positive integer. The canonical
morphisms U ⊗ sym(P1)→ U and U ⊗ sym(P1)→ U induce a diagram of the form
U ⊗ sym(P1)⊗ U ⊗ · · · ⊗ sym(P1)⊗ U
//
//
//
//
//
//· · · · · · U
⊗n .
in which U appears n times in the product of the left-hand-side. This diagram can
be seen as a functor from a category, with two objects a, b and with n non-trivial
arrows a→ b, to the category of symmetric sequences (∆opC )Σ. For instance, when
n = 2, this diagram is nothing but a coequalizer diagram.
The symmetric group acts on this product by permuting of factors of U . Hence,
we obtain a diagram
(30)
H
((
U ⊗ sym(P1)⊗ U ⊗ · · · ⊗ sym(P1)⊗ U
)
/Σn
) //
//
//
//
//
//· · · · · · H(U
⊗n/Σn) .
Geometric symmetric powers.— For each symmetric T -spectrum X , we denote by
(H ↓ X ) the comma category whose objects are arrows of the form H(U)→ X for
all U in SptP1(∆
opC ). Let FX : (H ↓ X ) → SptT (k) be the functor which sends a
morphism H(U)→ X to the colimit of the diagram (30). We define Symng,T (X ) to
be the colimit of the functor FX . The functor Sym
n
g,T is called nth-fold geometric
symmetric power of symmetric T -spectra.
All we have constructed in the previous paragraphs are summarized in the follow-
ing diagram:
(31)
C
Symn //
Const

C
Const

∆opC
F0

Symn
P1 //
h+
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
∆opC
F0

h+
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
∆opS∗
Σ∞T

Symng
// ∆opS∗
Σ∞
T

SptP1(∆
opC ) //
H ''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
SptP1(∆
opC )
H
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
SptT (k) Symng,T
// SptT (k)
Lemma 54. Let U be an object in SptP1(∆
opC ) and let n be a positive integer. We
have a canonical morphism ϑnH(U) : Sym
n
TH(U)→ Sym
n
g,TH(U).
GEOMETRIC SYMMETRIC POWERS 37
Proof. The diagram (30) yields into a commutative diagram
(32)(
H(U) ∧ sym(T ) ∧H(U) ∧ · · · ∧ sym(T ) ∧H(U)
)/
Σn
//
//
//
//
//
//

· · · · · · H(U)∧n/Σn

H
((
U ⊗ sym(P1)⊗ U ⊗ · · · ⊗ sym(P1)⊗ U
)
/Σn
) //
//
//
//
//
//· · · · · · H(U
⊗n/Σn)
where the vertical morphisms are the canonical morphisms. After taking colimit on
the above diagram, we obtain a morphism from SymnTH(U) to Sym
n
g,TH(U). 
We recall that h+ denotes the canonical functor from ∆opC to ∆opS∗.
Lemma 55. Let X = (X0,X1, . . . ) be a symmetric T -spectrum in SptT (k). Then,
the functor Evn : (H ↓ X )→ (h
+ ↓ Xn) is final.
Proof. Suppose that it is given a morphism h+(U) → Xn, where U is an object
of ∆opC . By adjunction, this morphism corresponds to a morphism of T -spectra
Fn(h
+(U)) → X . Since Fn ◦ h
+ = H ◦ Fn, we have a morphism H(Fn(U)) → X .
The unit morphism h+(U)→ (Evn ◦ Fn)(h
+(U)) gives a commutative diagram
h+(U)
##●
●
●
●
●
●
●
●
// (Evn ◦ Fn)(h
+(U))
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
Xn
where (Evn ◦ Fn)(h
+(U)) = h+(corΣnΣ0 (U)). Now, suppose that there are two mor-
phisms H(X)→ X and H(X ′)→ X , where X and X ′ are in SptP1(∆
opC ). Then,
we have a commutative diagram
X


H(X) ∨H(X ′)
##{{
H(X) H(X ′)
where the dotted arrow exists by the universal property of coproduct. As H(X∐X ′)
is isomorphic to H(X)∨H(X ′), the above diagram induces a commutative diagram
Xn


h+(Xn ∐X
′
n)
##{{
h+(Xn) h
+(X ′n)
This proves that the required functor is final, see [20, page 213]. 
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Proposition 56. Let n be a natural number. For every symmetric T -spectrum X
in SptT (k), we have a canonical isomorphism
Ev0 ◦ Sym
n
g,T (X ) ≃ Sym
n
g ◦ Ev0(X ) .
Proof. Let U be an object in SptP1(∆
opC ). Since Ev0(sym(P
1)) = Spec(k). Apply-
ing functor Ev0 to the diagram (30), we obtain diagram consisting of identity mor-
phisms h+(Un/Σ) → h+(Un/Σ). Hence, the colimit of this diagram is h+(Un/Σ).
Thus, we have
Ev0 ◦ Sym
n
g,T (X ) = colim
H(U)→X
h+(Un0 /Σn) .
By Lemma 55, the right-hand-side is isomorphic to colimh+(U0)→Ev0(X ) h
+(Un0 /Σn),
and by Lemma 13, the latter is isomorphic to Symng ◦ Ev0(X ). 
Corollary 57. For every simplicial sheaf X in ∆opS∗, there is a canonical iso-
morphism
Ev0(Sym
n
g,T (Σ
∞
T X )) ≃ Sym
n
g (X ) .
Proof. It follows from the preceding proposition in view that Ev0(Σ
∞
T X ) is equal
to X . 
Proposition 58. For every k-scheme X in C , one has an isomorphism
Symng,TΣ
∞
T X+ ≃ Σ
∞
T (Sym
nX)+ .
Proof. We have
Σ∞T X+ = Σ
∞
T (h
+(X)) = H(F0(X)) .
Hence, Symng,TΣ
∞
T X+ = Sym
n
g,TH(F0(X)). By definition, Sym
n
g,TH(F0(X)) is the
coequalizer of the diagram (30) for U = F0(Const(X)). Let us write F0(X) for
F0(Const(X)). We have
H
(
F0(X)
⊗n/Σn
)
= H
(
F0(X
n/Σ)
)
= Σ∞T (h
+(SymnX)) = Σ∞T (Sym
nX)+ .
Since sym(P1) = F0(Spec(k)), the object on left-hand-side of diagram (30) is nothing
but H
(
F0(X)
⊗n/Σn
)
and the arrows are the identities. Therefore, the colimit of this
diagram is H
(
F0(X)
⊗n/Σn
)
= Σ∞T (Sym
nX)+. 
For a symmetric T -spectrum X , we shall write ϑn(X ) for ϑn
X
.
Corollary 59. Let X be a pointed simplicial sheaf in ∆opS∗. If the natural mor-
phism ϑnT (Σ
∞
T X ) : Sym
n
T (Σ
∞
T X )→ Sym
n
g,T (Σ
∞
T X ) is a stable A
1-weak equivalence,
then the natural morphism Symn(X )→ Symng (X ) is an A
1-weak equivalence.
Proof. In virtue of Corollary 53 and Proposition 56, we have a commutative diagram
(33) Symn(X )
ϑn(X )
//

Symng (X )

Ev0(Sym
n
T (Σ
∞
T X )) Ev0(ϑnT (Σ∞T X ))
// Ev0(Sym
n
g,T (Σ
∞
T X ))
where the vertical morphisms are isomorphisms. Since ϑnT (Σ
∞
T X ) is a stable A
1-
weak equivalence, the morphism Ev0(ϑ
n
T (Σ
∞
T X )) is an A
1-weak equivalence. There-
fore, ϑn
X
is an An-weak equivalence. 
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Let n ∈ N. For a symmetric sequence X = (X0,X1, . . . ), we define Sym
n
ℓ,T ′(X )
to be the symmetric sequence
(
Symng (X0), Sym
n
g (X1), . . .
)
, and called it the nth
fold level geometric symmetric powers of X . From the definition, we have
Evi(Sym
n
ℓ,T (X )) = Sym
n
g (Evi(X ))
for all i ∈ N.
Lemma 60. For any symmetric T ′-spectrum X = (X0,X1, . . . ), the nth level
geometric symmetric power of X is a symmetric T ′-spectrum.
Proof. Let us consider a symmetric T -spectrum X = (X0,X1,X2, . . . ). For a k-
scheme U in C , we define a morphism of k-schemes from Un × P1 to (U × P1)n as
the composite
Un × P1
id×∆
P1 // Un × (P1)n // (U × P1)n
where ∆P1 is the diagonal morphism and the second arrow is the canonical isomor-
phism. This morphism induces a morphism Symn(U)× P1 to Symn(U × P1), which
we denote by ϕn. Let us fix a natural number i. To construct a natural morphism
from Symng (Xi) ∧ P
1
+ → Sym
n
g (Xi+1), it is enough to construct a morphism from
Symng (Xi) × P
1 → Symng (Xi+1) considered as unpointed sheaves. Any morphism
hU → Xi induces a morphism hU×P1 → Xi × hP1 . Composing with the preceding
morphism, we obtain a morphism hU×P1 → Xi+1. Hence, using the morphism ϕn,
we obtain a morphism
colim
hU→Xi
hSymn(U)×P1 −→ colim
hV→Xi+1
hSymn(V ) .
This gives a morphism from Symng (Xi) × P
1 to Symng (Xi+1). Since this morphism
was constructed in a natural way for all index i, we get structural morphisms for
Symnℓ,T (X ). 
Proposition 61. For every n ∈ N, the functor Symnℓ,T ′ preserves levelwise A
1-weak
equivalences between symmetric T ′-spectra whose slices are objects in ∆opC¯+ (see
Section 2).
Proof. Let f be a morphism of symmetric T ′-spectra. From the definition we have
an equality Evi(Sym
n
ℓ,T ′(f)) = Sym
n
g (Evi(f)) for every i ∈ N. Hence the proposition
follows from Theorem 35. 
Remark 62. The left Kan extension of the composite
∆opC
Symn
−→ ∆opC
Σ∞
T−→ SptT (k) ,
along the suspension functor Σ∞T , is not a good candidate to be a “geometric”
symmetric power on SptT (k), as this Kan extension is not isomorphic to the identity
functor of SptT (k) when n = 1.
Remark 63. For a symmetric T -spectrum X , the canonical morphism ϑn
X
from the
categoric symmetric power SymnT (X ) to geometric symmetric power Sym
n
g (X ) is
not always a stable A1-weak equivalence. For instance, if X is a constant simplicial
sheaf whose value is the sheaf represented by the affine space A2, then Proposi-
tion 96 and Corollary 59 imply that the canonical morphism from SymnT (Σ
∞
T A
2
+) to
Symng,T (Σ
∞
T A
2
+) is not a stable A
1-weak equivalence.
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9. Lambda structures and motivic spectra
The first result in this section is Theorem74, which asserts that, under the assump-
tion that Symng,T preserves stable A
1-weak equivalences, the nth fold geometric sym-
metric powers Symng,T , for n ∈ N, induce a λ-structure on the stable A
1-homotopy
category. The second result is Theorem 78, which establishes, under the same as-
sumption, a morphism of λ-structures from categoric symmetric powers to geometric
symmetric powers on the stable A1-homotopy category.
Ku¨nneth towers.— Let f : X → Y be a morphism of symmetric spectra in SptT (k).
A filtration of Symng,T (f) of the form
Symng,T (X ) = L
n
0 (f)→ L
n
1 (f)→ · · · → L
n
n (f) = Sym
n
g,T (Y )
is called (geometric) Ku¨nneth tower of Symng,T (f), if for each index 1 ≤ i ≤ n, there
is an isomorphism
cone
(
L
n
i−1(f)→ L
n
i (f)
)
≃ Symn−ig,T (X ) ∧ Sym
i
g,T (X )
in SHT (k).
A symmetric T ′-spectrum (resp. T -spectrum) is called representable, if it is iso-
morphic to a T ′-spectrum (resp. T -spectrum) of the form H ′(U) (resp. H(U)),
where U is an object on SptP1(∆
opC ). Denote by SptT ′(∆
opC )# the full subcategory
of SptT ′(k) generated by directed colimits of representable T
′-spectra. Similarly, we
write SptT (∆
opC )# for the full subcategory of SptT (k) generated by directed colim-
its of representable T -spectra.
Let us consider the category of symmetric sequences (∆opC )Σ and its coequalizer
completion (∆opC )Σcoeq, see page 16. We recall that the objects of (∆
opC )Σcoeq are
reflexive pairs in (∆opC )Σ. Denote by Φ the canonical functor from (∆opC )Σ to
(∆opC )Σcoeq. The symmetric monoidal product on (∆
opC )Σ extends to a symmetric
monoidal product on (∆opC )Σcoeq, so that the universal functor Φ is monoidal. Since
sym(P1) is a commutative monoid on (∆opC )Σ, the object Φ(sym(P1)) is a com-
mutative monoid in (∆opC )Σcoeq. We denote by SptP1(∆
opC )coeq the category of left
modules in (∆opC )Σ over Φ(sym(P1)). The functor Φ induces a restriction functor
SptP1(∆
opC )→ SptP1(∆
opC )coeq, which will be denoted by the same letter Φ, if no
confusion arises. For any two left modules X and Y over Φ(sym(P1)), we define the
product X ∧ Y as the coequalizer of the canonical diagram
X ⊗ Φ(sym(P1))⊗ Y
//
// X ⊗ Y .
This product is symmetric monoidal on SptP1(∆
opC )coeq. Thus, the restriction func-
tor Φ : SptP1(∆
opC )→ SptP1(∆
opC )coeq is monoidal.
Remark 64. If C has reflexive coequalizers, then (∆opC )Σcoeq is isomorphic to the
category (∆opC )Σ, and SptP1(∆
opC )coeq is isomorphic to SptP1(∆
opC ).
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By the universal property of (∆opC )Σcoeq, the following commutative square
(∆opC )Σ
(h+)Σ
// (∆opS∗)
Σ
SptP1(∆
opC )
?
OO
H′
// SptT ′(k)
?
OO
where (h+)Σ is the canonical functor induced by h+, gives a commutative diagram
(∆opC )Σ //
++❲❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲
(∆opS∗)
Σ

(∆opC )Σcoeq
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
SptP1(∆
opC )
H′
//
?
OO
Φ ++❲❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲
SptT ′(k)
?
OO
SptP1(∆
opC )coeq
?
OO
H¯′
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
Lemma 65. For any object U in SptP1(∆
opC ), we have an isomorphism
Symng,T ′H
′(U) ≃ H¯ ′
(
SymnP1Φ(U)
)
.
Proof. It follows from the definitions. 
A morphism ϕ : X → Y in SptP1(∆
opC ) is called level-termwise coprojection, if
each level ϕn is a termwise coprojection.
Proposition 66. For every n ∈ N, the nth fold geometric symmetric symmetric
power of a morphism of representable T ′-spectra (resp. T -spectra), induced by a
level-termwise coprojection in SptP1(∆
opC ), has a canonical Ku¨nneth tower.
Proof. Let ϕ : U → V be a level-termwise coprojection in SptP1(∆
opC ). By [8], we
obtain a sequence of level-termwise coprojections
SymnP1(Φ(U)) = 2˜
n
0 (Φ(ϕ))→ 2˜
n
1 (Φ(ϕ))→ · · · → 2˜
n
n(Φ(ϕ)) = Sym
n
P1(Φ(V )) .
such that 2˜ni (Φ(ϕ))/2˜
n
i−1(Φ(ϕ)) is isomorphic to Sym
n−i
P1
(Φ(U))∧SymiP1(Φ(V )/Φ(U)).
In fact, this sequence exists because SptP1(∆
opC )coeq has finite colimits. Then, by
Lemma 65, the above sequence induces a sequence
H¯ ′
(
2˜
n
0 (Φ(ϕ))
)
→ H¯ ′
(
2˜
n
1 (Φ(ϕ))
)
→ · · · → H¯ ′
(
2˜
n
n(Φ(ϕ))
)
.
Since H¯ ′ respects pushouts and monoidal product, the above sequence is a Ku¨nneth
tower of the morphism Symng,T ′(H
′(ϕ)). Finally, since H(ϕ) = H ′(ϕ)∧sym(T ′)sym(T ),
the Ku¨nneth tower of Symng,T ′(H
′(ϕ)) induces a Ku¨nneth tower of Symng,T (H(ϕ)). 
We set IT,proj :=
⋃
n≥0 Fn(Iproj), where Iproj is the set of morphisms defined in
(3), see page 8. Our next goal is to study Ku¨nneth towers associated to relative
IT,proj-cell complexes, see Proposition 69.
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Lemma 67. One has the following assertions:
(a) A morphism of representable T ′-spectra is isomorphic to the image of a mor-
phism of P1-spectra through the functor H ′.
(b) Let
(34) A

// X

B // Y
be a cocartesian square of T ′-spectra, such that the morphism A → B is the
image of a level-termwise coprojection in SptP1(∆
opC ) through the functor
H ′. Then, if X is a representable T ′-spectra, then so is Y .
(c) Suppose that A and B are compact objects. If X is in SptT ′(∆
opC )#, then
so is Y . Moreover, if X is a directed colimit of representable T ′-spectra that
are compact, then so is Y .
Proof. (a). It is a termwise verification.
(b). Let us write A = H ′(A), B = H ′(B) and X = H ′(X), where A, B and
X are objects of SptP1(∆
opC ). Suppose that A → B is a morphism of the form
H ′(ϕ), where ϕ : A→ B is a level-termwise coprojection in SptP1(∆
opC ). By item
(a), the morphism A → X is is canonically isomorphic to a morphism of the form
H ′(ψ), where ψ : A→ X is a morphism in SptP1(∆
opC ). Since ϕ is a level-termwise
coprojection, there exists an object Y in SptP1(∆
opC ) such that there is a cocartesian
square
A
ϕ

ψ // X

B // Y
Hence, Y is isomorphic to H ′(Y ). This proves (b).
(c). It is immediate from item (b) and the fact that finite colimits of compact
objects are compact. 
Lemma 68. Every IT,proj-cell complex of SptT (k) is in SptT (∆
opC )#.
Proof. We reduce the problem to show that every IT ′,proj-cell complex of SptT ′(k)
is in SptT ′(∆
opC )#. Since an element of IT ′,proj-cell is a transfinite composition of
pushouts of element of IT ′,proj, this follows by transfinite induction in view of Lemma
67 (c). 
Proposition 69. Let f : X → Y be a morphism in IT,proj-cell, where X is an
IT,proj-cell complex. Then, for each n ∈ N, Sym
n
g,T (f) has a functorial Ku¨nneth
tower.
Proof. By Lemma 68 and Proposition 6.1.13 of [18], we deduce that the morphism
f can be expressed as the colimit of a directed diagram {fd}d∈D of morphisms of
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representable T -spectra. Hence, by Proposition 66, the nth fold geometric symmetric
power Symng,T (fd) has a canonical Ku¨nneth tower
(35) L n0 (fd)
// L n1 (fd)
// · · · // L nn (fd) .
For each index 0 ≤ i ≤ n, we define
L
n
i (f) := colim
d∈D
L
n
i (fd) .
Then, we get a sequence
(36) L n0 (f) −→ L
n
1 (f) −→ · · · −→ L
n
n (f) .
which is a Ku¨nneth tower of Symng,T (f). 
Corollary 70. There exists a functorial factorization (α, β) on SptT (k) such that
for every morphism f is factored as f = β(f) ◦ α(f), where α(f) is in IT,proj-cell
and β(f) is in IT,proj-inj.
Proof. It follows since the set IT,proj permits the small object argument, see [13,
Prop. A.8]. 
Proposition 71. Every cofibre sequence in SHT (k) is isomorphic to a coprojection
sequence of the form
A → B → B/A ,
where A → B is in IT,proj-cell and A is an IT,proj-cell complex.
Proof. Let X → Y → Z be a cofibre sequence in SHT (k), where f is a projective
cofibration from X to Y in SptT (k), such that Z = Y /X . By Corollary 70,
the morphism ∅ → X factors into ∅ → A → X . Again, by Corollary 70, the
composition of A → X with f induces a commutative diagram
A
α(f)
//

B
β(f)

X
f
// Y
where β(f) is a sectionwise trivial fibration and α(f) is in IT,proj-cell. By [12, Prop.
6.2.5], the cofibre sequence A → B → B/A is isomorphic to the cofibre sequence
X
[f ]
→ Y → Z in SHT (k).

Lemma 72. For any T -spectrum X , there is an isomorphism
colim
H(U)→X
H(U) ≃ X .
Proof. Notice that for a symmetric P1-spectrum, we have that Evn(H(U)) coincides
with h+(Un). By virtue of Lemma 55, we get canonical isomorphisms
Evn
(
colim
H(U)→X
H(U)
)
= colim
H(U)→X
h+(Un) ≃ colim
h+(V )→Xn
h+(V ) = Xn ,
which us to deduce the expected isomorphism. 
Corollary 73. For any T -spectrum X , there is an isomorphism Sym1g,T (X ) ≃ X .
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Proof. For n = 1, the equalizer of diagram (30) is H(U). Hence, we are in the case
of Lemma 72. 
Theorem 74. Suppose that, for every n ∈ N, the left derived functor LSymnT,g exists
on SHT (k). Then, the endofunctors LSym
n
T,g, for n ∈ N, provides a λ-structure on
SHT (k).
Proof. We have evidently that LSym0g is the constant functor with value 1. By
Corollary 73, LSym1g is the identity functor on SHT (k). Let X → Y → Z be
a cofibre sequence in SHT (k) induced by a cofibration f : X → Y in SptT (k).
By Proposition 71, we can assume that f is in IT,proj-cell and X is an IT,proj-cell
complex. Hence, by Proposition 40, for each index n ∈ N, Symng,T (f) has a Ku¨nneth
tower,
(37) Symng,T (X ) = L
n
0 (f)→ L
n
1 (f)→ · · · → L
n
n (f) = Sym
n
g,T (Y ) ,
which induces a Ku¨nneth tower,
LSymng,T (X ) = LL
n
0 (f)→ LL
n
1 (f)→ · · · → LL
n
n (f) = LSym
n
g,T (Y ) ,
of LSymng,T (f). The functoriality axiom follows from the functionality of Ku¨nneth
towers of the form (37).. 
Morphisms of Lambda structures.— For a symmetric T -spectra X , we shall con-
struct a natural morphism ϑn
X
from SymnT (X ) to Sym
n
g,T (X ) .
Proposition 75. Let X be an object in SptT (k) and let n ∈ N. Then, we have a
canonical morphism ϑn
X
: SymnT (X )→ Sym
n
g,T (X ).
Proof. We define ϑn
X
to be the colimit of the morphisms ϑnH(U) of Lemma 54, where
H(U) → X runs on the objects of the comma category (H ↓ X ). By definition
Symng,TX = colimH(U)→X Sym
n
g,TH(U). It remains to show that there is a canonical
isomorphism SymnTX = colimH(U)→X Sym
n
TH(U). Notice the Cartesian product of
∆opC induces a Cartesian product on category (H ↓ X ). By Lemma 20 and
Lemma 72, we deduce an isomorphism X ∧n ≃ colimH(U)→X H(U)
∧n. By the same
argument, we deduce that the product X ∧ sym(T ) ∧X ∧ · · · ∧ sym(T ) ∧ X , in
which the object X appears n times, is isomorphic to the colimit
colim
H(U)→X
(
H(U) ∧ sym(T ) ∧H(U) ∧ · · · ∧ sym(T ) ∧H(U)
)
.
By change of colimits and by the above considerations, we deduce that the colimit
of the diagram(
X ∧ sym(T ) ∧X ∧ · · · ∧ sym(T ) ∧X
)/
Σn
//
//
//
//
//
//· · · · · · X
∧n/Σn
is a double colimit, that is, the colimit of the colimits of diagrams of the form(
H(U) ∧ sym(T ) ∧H(U) ∧ · · · ∧ sym(T ) ∧H(U)
)/
Σn
//
//
//
//
//
//· · · · · · H(U)
∧n/Σn
where H(U) → X runs on the objects of (H ↓ X ). This implies that SymnTX is
isomorphic to colimH(U)→X Sym
n
TH(U). 
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For each n ∈ N, we denote by ϑn : SymnT → Sym
n
g,T the natural transforma-
tion defined for every pointed simplicial sheaf X to be the functorial morphism
ϑn(X ) := ϑn
X
.
Lemma 76. Let ϕ : X → Y be level-termwise coprojection in SptP1(∆
opC ) and let
us write f := ∆opH(ϕ). Then, for every pair of numbers (n, i) ∈ N2 with 0 ≤ i ≤ n,
there exists a canonical morphism
ϑni (f) : L
n
i (f)→ L
n
i (f) ,
such that one has a commutative diagram
(38) Ln0 (f)
//
ϑn0 (f)

Ln1 (f)
//
ϑn1 (f)

· · · · · · // Lnn−1(f) //

//
ϑnn−1(f)

Lnn(f)
ϑnn(f)

L n0 (f)
// L n1 (f)
//// · · · · · · // L nn−1(f) //// L
n
n (f)
Proof. Let us fix a natural number n. For each index 0 ≤ i ≤ n, L ni (f) is nothing
but the object H(2˜ni (ϕ)), see Proposition 66. Since the functor H is monoidal,
2
n
i (f) is canonically isomorphic to H(2
n
i (ϕ)). Thus, we have a canonical morphism
2
n
i (f) → L
n
i (f), and this morphism induces a morphism ϑ
n
i (f) : L
n
i (f) → L
n
i (f).
Since ϑni (f) is constructed canonically, we get a commutative diagram (38). 
Proposition 77. Let f : X → Y be a morphism of T -spectra in IT,proj such that
X is a IT,proj-cell complex. Then, for every index 0 ≤ i ≤ n, there exists a canonical
morphism
ϑni (f) : L
n
i (f)→ L
n
i (f) ,
such that one has a commutative diagram
(39) Ln0 (f) //
ϑn0 (f)

Ln1 (f) //
ϑn1 (f)

· · · · · · // Lnn−1(f) //

//
ϑnn−1(f)

Lnn(f)
ϑnn(f)

L n0 (f) // L
n
1 (f) //// · · · · · · // L
n
n−1(f) //// L
n
n (f)
where ϑn0 (f) = ϑ
n
X
and ϑnn(f) = ϑ
n
Y
.
Proof. As in Proposition 69, the morphism f can be expressed as the colimit of a
directed diagram {fd}d∈D of morphisms of representable T -spectra. Now, by Lemma
76, we have canonical morphisms ϑni (fd) : L
n
i (fd)→ L
n
i (fd). Hence, taking colimit
we get a morphism
colim
d∈D
ϑni (fd) : colim
d∈D
Lni (fd)→ colim
d∈D
L
n
i (fd) ,
This morphism gives a morphism from Lni (f) to L
n
i (f), and we denote it by ϑ
n
i (f).
Finally, the diagrams of the form (38) induce a commutative diagram (39). 
Theorem 78. Suppose that, for every n ∈ N, the left derived functor of Symng,T
exists on SHT (k). Then, the natural transformations ϑ
n : SymnT → Sym
n
g,T on
SptP1(∆
opC )#, for n ∈ N, induce a morphism of λ-structures from the left derived
categoric symmetric powers to the left derived geometric powers on SHT (k).
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Proof. The natural transformations ϑn : Symn → Symng for n ∈ N induce a natural
transformation of derived functors Lϑn : LSymn → LSymng on SHT (k). Then, we
apply Proposition 77 to get morphisms of Ku¨nneth towers, as required. 
10. Formalism of transfers
The purpose of this section is to study the notion of transfer of morphisms, in a
categorical context, involving transfers in stable A1-homotopy category and in the
category of Voedvosky’s motives.
In the next paragraphs (D ,∧) and (E ,⊗) will be two symmetric monoidal cate-
gories. Assume that E is also an additive category. Let E be a monoidal functor
from (D ,∧) to (E ,⊗). Assume G a finite group. Let X be an G-object in D and
let ρX : G → Aut(X) be a representation of G on X . The functor E induces an
homomorphism of groups Aut(X) → Aut(E(X)). Hence, the composition of this
homomorphism with ρX gives an homomorphism of groups G → Aut(E(X)), thus
G acts on E(X). This homomorphism induces an homomorphism of Abelian groups
Z[G] → End(E(X)). The norm Nm(E(X)) of E(X) is the image of the element∑
g∈G g under this map. Explicitly, it is given by the formula
NmE(π) =
∑
g∈G
E(ρX(g)) .
Now, suppose that the quotient X/G exists in D and let π : X → X/G be the
canonical morphism. The transfer morphism, or simply, the transfer of E(π) is a
morphism
trE(π) : E(X/G)→ E(X)
such that E(π) ◦ trE(π) = n.idE(X/G) and tr
E(π) ◦ E(π) = Nm(E(X)).
Example 79. Consider (D ,∧) to be the category of quasi-projective schemes over
a field k together with the Cartesian product of schemes, and consider (E ,⊗) to
be the category of qfh-sheaves together with the Cartesian product of sheaves. For
every n ∈ N and for every quasi-projective k-scheme X , the canonical morphism
Zqfh(X
n)→ Zqfh(Sym
nX) has transfer, see Proposition 85.
The following example is a consequence of the previous one.
Example 80. Suppose that (D ,∧) is the same category as in the previous example
and (E ,⊗) is the category of qfh-motives together with the monoidal product of mo-
tives [31]. Then, the canonical morphism of qfh-motivesMqfh(X
n)→ Mqfh(Sym
nX)
has transfer.
Let us study the case when G is the symmetric group Σn acting of the nth fold
product X∧n of an object X of D . Since E is monoidal we have an isomorphism
E(X∧n) ≃ E(X)⊗n. Let ̺ : E(X∧n)→ E(X)⊗n/Σn be the composite of the isomor-
phism E(X∧n) ≃ E(X)⊗n with the canonical morphism E(X)⊗n → E(X)⊗n/Σn.
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One has a commutative diagram
(40) E(X∧n)
σ

̺
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
E(π)
''
E(X)⊗n/Σn
u // E(X∧n/Σn)
E(X∧n)
̺
77♣♣♣♣♣♣♣♣♣♣♣
E(π)
77
where the dotted arrow exists by the universal property of colimit. Let us keep these
considerations for the proof of Proposition 81.
A Q-linear category is a category enriched over the category of Q-vector spaces.
Proposition 81. Suppose E : (D ,∧) → (E ,⊗) is a monoidal functor of monoidal
symmetric categories. Assume that E is a Q-linear and closed under finite colimits.
Let X be an object of D and let π : X∧n → X∧n/Σn be the canonical morphism.
Suppose that E(π) is an epimorphism and has a transfer trE(π). Then, the universal
morphism
u : E(X)⊗n/Σn → E(X
∧n/Σn)
is an isomorphism.
Proof. Let consider the above notations and diagram (40). Set ξ := ̺ ◦ trE(π). We
have
ξ ◦ u ◦ ̺ = ̺ ◦ trE(π) ◦ u ◦ ̺
= ̺ ◦ trE(π) ◦ E(π)
= ̺ ◦ Nm(E(X))
= n! · ̺
(41)
Hence, ξ ◦ u ◦ ̺ = n! · ̺. Notice that ̺ is an epimorphism. This implies the equality
ξ ◦ u = n! · id. On the other hand, we have
u ◦ (
1
n!
· ξ) ◦ E(π) = u ◦
( 1
n!
· ̺ ◦ trE(π)
)
◦ E(π)
=
1
n!
·
(
E(π) ◦ trE(π) ◦ E(π)
)
=
1
n!
· (n! ·E(π))
= E(π)
(42)
It follows that u ◦ (1/n! · ξ) ◦E(π) = E(π). By assumption E(π) is an epimorphism.
Therefore, we get u ◦ (1/n! · ξ) = id. We conclude that u is an isomorphism. 
Projector symmetric powers— Let D be a stable model category [14]. We say that
D is Q-linear if Ho (D) is a Q-linear triangulated category [6]. Let D be a symmetric
monoidal Q-linear stable model category. Let X be an object of Ho (D). Suppose
that ⊗ is the corresponding symmetric monoidal product of Ho (D). For a positive
integer n, we have a representation ρX⊗n : Σn → Aut(X
⊗n) of Σn on X
⊗n induced
by permutation of factors. Set
dn :=
1
n!
· Nm(X⊗n) =
1
n!
·
∑
σ∈Σn
ρA⊗n(σ) .
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This endomorphism is nothing but that the image of the symmetrization projector
1/n! ·
∑
σ∈Σn
σ under the induced Q-linear map Q[Σn] → End(X
⊗n). Since the
category Ho (D) is a Q-linear triangulated category with small coproducts, it is a
pseudo-abelian category, see [23]. As dn is idempotent, i.e. dn ◦ dn = dn, it splits in
Ho (D). This implies that p has image in Ho (D). We write
Symnpr(X) := im dn ,
and called it the nth fold projector symmetric powers of X . By convention, for
n = 0, Symnpr(X) is the unit object Ho (C ).
Example 82. Let DM−(k,Q) be the Voevodsky’s category with rational coefficients
over a field k [19]. A k-rational point of a smooth projective curve C induces a
decomposition of the motive M(C) into Q ⊕M1(C) ⊕ Q(1)[2] in DM−(k,Q). The
nth fold projector symmetric power Symnpr(M
1(C)) vanishes for n sufficiently bigger
that 2g, where g is the genus of C.
Proposition 83. Let D be a symmetric monoidal Q-linear stable model category.
The projector symmetric powers Symnpr, for all n ∈ N, induce a λ-structure on
Ho (D).
Proof. By convention, Sym0pr is the constant endofunctor whose value is the unit
object of Ho (D). From the definition, the endofunctor Sym1pr is the identity on
Ho (D). Let X → Y → Z be a cofibre sequence in Ho (D). By [10, Proposition 15],
there exists a sequence
(43) Symnpr(X) = A0 → A1 → · · · → An = Sym
n
pr(Y )
in Ho (D), such that for each 1 ≤ i ≤ n, we have
cone(Ai−1 → Ai) = Sym
n−i
pr (X)⊗ Sym
i
pr(Z) .
Thus, the Ku¨nneth tower axiom is satisfied. The functorial axiom on cofibre se-
quences follows from the functorial construction of the sequences of the form(43),
see loc.cit. 
We recall that an h-covering of a scheme X is a finite family {pi : Xi → X}i∈I of
morphisms of finite type such that the induced morphism ∐i∈Ipi :
∐
i∈I Xi → X is a
universal topological epimorphism. A qfh-covering of X is a h-covering {pi}i∈I such
that pi is quasi-finite for all i ∈ I (see [31]). In the next paragraphs, all qfh-sheaves
are defined on the category of schemes of finite type over a field k.
Lemma 84 (Voevodsky). Let X be a quasi-projective k-scheme and let π be the
canonical morphism from Xn onto Symn(X). Suppose that F is a qfh-sheaf of
Abelian monoids on the category of k-schemes of finite type, and let us denote by π∗
the restriction morphism F (Symn(X))→ F (Xn) induced by π. Then, the image of
π∗ coincides with F (Xn)Σn.
Proof. As the morphism π forms a qfh-covering of Symn(X), we can follow the
arguments of the proof of [31, Prop. 3.3.2] or [30, Lemma 5.16]. 
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Proposition 85. Let X be a quasi-projective k-scheme. For every n ∈ N, the mor-
phism Zqfh(π) : Zqfh(X
n)→ Zqfh(Sym
nX) has transfer, i.e. there exists a morphism
trn such that
(44) Zqfh(π) ◦ trn =
∑
σ
Zqfh(σ), and
(45) Zqfh(π) ◦ trn = n! · idZqfh(SymnX) .
Proof. Let us consider the representable qfh-sheaf F = Zqfh(X
n). Every permutation
σ in Σn induces an automorphism σ : X
n → Xn by permuting factors, σ corresponds
to an element of F (Xn), denoted by the same letter. Notice that the element
θn :=
∑
σ∈Σn
σ is an element of F (Xn) which is Σn-invariant, i.e. σ(θn) = θ for
all permutation σ ∈ Σn. By Lemma 84, there exists an element tn of F (Sym
nX)
such that tn ◦ π
∗ = θ. We denote by trn : Zqfh(Sym
n)→ Zqfh(X
n) the morphism of
qfh-sheaves corresponding to the section tn. Then the equality tn ◦ π
∗ = θ gives the
equality (44). Now, from (44), we have
Zqfh(π) ◦ trn ◦ Zqfh(π) =
(∑
σ
Zqfh(σ)
)
◦ Zqfh(π)
=
∑
σ
Zqfh(σ) ◦ Zqfh(π)
=
∑
σ
Zqfh(π)
= n! · Zqfh(π) .
hence, Zqfh(π) ◦ trn ◦ Zqfh(π) = n! · Zqfh(π). This induces the equality (45). 
11. Comparison of symmetric powers
In this section SHT (k) will be the stable A
1-homotopy category of schemes over
a field k constructed in [16]. The main result in this section is Theorem 92, which
asserts that if −1 is a sum of squares, then the categoric, geometric and projector
symmetric powers of a quasi-projective scheme are isomorphic in SHT (k)Q.
Lemma 86. Let X be a quasi-projective k-scheme. Then, the canonical morphism
Qqfh(Sym
nhX) → Qqfh(Sym
n
ghX) is an isomorphism of qfh-sheaves of Q-vector
spaces.
Proof. Let π : Xn → Symn(X) be the canonical morphism. Since the functor
Qqfh(−) is a left adjoint, we have the following isomorphisms
SymnQqfh(X) = Qqfh(X)
⊗n/Σn ≃ Qqfh(X
n)/Σn .
By Proposition 85, the morphism Qqfh(π) has transfer. Hence, the corollary follows
from Proposition 81. 
Corollary 87. Let X be a quasi-projective k-scheme. Then, the morphism from
Qqfh(Sym
nhX) to Qqfh(Sym
n
ghX) is an isomorphism in DMqfh(k)Q.
Proof. It follows from Corollary 86 and [6, Prop. 5.3.37]. 
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Write Mqfh,Q for the canonical functor from the category of k-schemes of finite
type to DMqfh(k)Q.
Corollary 88. Let X be a quasi-projective k-scheme and let π : Xn → Symn(X) be
the canonical morphism. Then the morphism Mqfh,Q(π) has transfer.
Proof. It follows from Proposition 85. 
Let EQ be the canonical functor from the category of k-schemes of finite type to
SHT (k)Q.
Corollary 89. Suppose that −1 is a sum of squares in a field k. For a quasi-
projective k-scheme X, the induced morphism EQ(π) from EQ(X
n) to EQ(Sym
nX)
has transfer.
Proof. It follows from Corollary 88 and Corollary 51.

Proposition 90. Assume −1 is a sum of squares in a field k. For a quasi-projective
k-scheme X, one has an isomorphism
SymnprEQ(X) ≃ EQ(Sym
nX) .
Proof. By Corollary 89, the morphism EQ(π) has transfer, say trQ(π). From the
equality trQ(π) ◦ EQ(π) = Nm(EQ(X)), we obtain that the projector dn is equal to
1/n! · trQ(π) ◦ EQ(π). Hence, from the equality E(π) ◦ trQ(π) = n!.id, we deduce
that im dn ≃ EQ(Sym
nX), as required. 
Proposition 91. Suppose that −1 is a sum of squares in k. For every quasi-
projective k-scheme X, the canonical morphism
SymnT (Σ
∞
T X+)→ Σ
∞
T (Sym
nX)+
is a rational stable A1-weak equivalence.
Proof. By Lemma 52, the morphism SymnT (Σ
∞
T X+)→ Σ
∞
T (Sym
nX)+ is isomorphic
to the T -suspension of the canonical morphism SymnT (hX+)→ Sym
n
g (hX+) of pointed
simplicial sheaves. Hence the proposition follows from Corollary 87 and Corolary
51. 
Now, we are ready to state and prove our main theorem in this section. We recall
that EQ is the canonical functor from the category of k-schemes of finite type to
SHT (k)Q.
Theorem 92. Suppose that −1 is a sum of squares in a field k. For any quasi-
projective k-scheme X, we have the following isomorphisms
LSymnTEQ(X) ≃ EQ(Sym
nX) ≃ SymnprEQ(X) .
Proof. The isomorphism on the left-hand side follows from Proposition 91. The
second isomorphism follows from Proposition 90. 
Let us consider the sets I+T =
⋃
n>0 Fn(I), J
+
T =
⋃
n>0 Fn(J), where I (resp. J) is
the class of generating (resp. trivial) cofibrations of the injective model structure of
∆opS∗. Denote by W
+
T the class of morphisms of symmetric T -spectra f : X → Y
such that each term fn : Xn → Yn is an A
1-weak equivalence for n > 0. The sets
I+T , J
+
T and the class W
+
T define on SptT (k) a cofibrantly generated model structure
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called positive projective model structure, see [8]. The positive projective cofibrations
are projective cofibrations that are isomorphisms in the level zero.
For a T -spectra X in SptT (k), the nth fold homotopy symmetric power Sym
n
h,T (X )
is defined as the homotopy colimit hocolimΣnX
∧n. The Borel construction allows
one to express Symnh,T (X ) as the homotopy quotient (EΣn)+∧ΣnX
∧n, where EΣn is
the Σn-universal principal bundle, see [25, Example 4.5.5]. The canonical morphism
from (EΣn)+ ∧X
∧n to X ∧n induces a morphism
Symnh,T (X )→ Sym
n
T (X )
which is a stable A1-weak equivalence when X is a cofibrant T -spectra with re-
spect to the positive projective model structure. This implies the existence of an
isomorphism of endofunctors
(46) Symnh,T (X )→ LSym
n
T
on stable A1-homotopy category SHT (k), see [9].
Remark 93. By Theorem 92 and (46), we get the following isomorphisms
Symnh,TEQ(X) ≃ LSym
n
TEQ(X) ≃ EQ(Sym
nX) ≃ SymnprEQ(X)
for any quasi-projective k-scheme X.
Example 94. Let X be the 2-dimensional affine space A2 over k. Then, by Propo-
sition 96, the canonical morphism LϑX : LSym
nhX ≃ LSym
n
ghX is not an isomor-
phism in the unstable motivic category over k. However, by Theorem 92, ϑX induces
an isomorphism LSymnTEQ(X) ≃ EQ(Sym
n
gX) .
12. Appendix
Here, we study the canonical morphism ϑnX : Sym
nhX → Sym
n
ghX , where X is
the spectrum Spec(L) and L/k is a finite Galois extension. We show that ϑnX is an
isomorphism on sections (see Proposition 100). In Proposition 96, we show that the
canonical morphism ϑnX : Sym
nhX → Sym
n
ghX is not always an A
1-weak equivalence.
Categoric and geometric symmetric powers do not coincide.— Let C be the category
of quasi-projective schemes over a field k. We shall prove that, if X is the 2-
dimensional affine space A2 over k, then the canonical morphism ϑnX from Sym
nhX
to SymnghX is not an A
1-weak equivalence in ∆opS , see Proposition 96,.
Lemma 95. Let X be a scheme in C . The morphism of simplicial presheaf ϑnX :
SymnhX → Sym
n
ghX is an A
1-weak equivalence if and only if for every A1-local
simplicial presheaf Z the induced morphism (ϑnX)
∗ : Z (SymnX) → Z (Xn)Σn is a
weak equivalence of simplicial sets.
Proof. By definition of A1-weak equivalence, ϑnX is an A
1-weak equivalence if and
only if for every A1-local simplicial presheaf the induced morphism
(ϑnX)
∗ : Map (SymnghX ,Z ) −→ Map (Sym
nhX ,Z )
is a weak equivalence of simplicial sets. On one side, we have
Map (SymnghX ,Z ) = Map (hSymnX ,Z ) ≃ Z (Sym
nX) ,
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where the above isomorphism follows from the Yoneda’s lemma. On the other hand,
the functor Map (−,Z ) sends colimits to limits, in particular, we have
Map ((h×nX )/Σn,Z ) ≃ Map (h
×n
X ,Z )
Σn .
Then, we have
Map (SymnhX ,Z ) ≃ Map (h
×n
X ,Z )
Σn ≃ Map (hXn ,Z )
Σn ≃ Z (Xn)Σn .
Thus, the lemma follows. 
Proposition 96. Let X = A2 be the 2-dimensional affine space over a field k. Then,
the natural morphism ϑnX is not an A
1-weak equivalence.
Proof. We recall that higher Chow groups CH i(−, m), for i and m in N, are A1-
homotopy invariant (see [19, page 136]). For m = 0 the higher Chow group
CH i(−, m) is nothing but the Chow group CH i(−). In particular, the Chow group
CH i(−) is A1-homotopy invariant. Then CH i(−) is A1-local as a simplicial presheaf.
We shall take Z = CH1(−) in the previous lemma. On one side, we have X2 = A4,
hence CH1(X2) = CH1(A4) is zero. On the other hand, Sym2(A2) is isomorphic to
the product of A2 with the quadric cone Q defined by the equation uw − v2 = 0 in
A3. By the A1-homotopy invariance, CH1(A2 × Q) is isomorphic to CH1(Q). By
Example 2.1.3 of [7], CH1(Q) = CH1(Q) it is isomorphic to Z/2Z. Then (ϑ
2
A2
)∗ is
the morphism of constant simplicial sets induced by a morphism of sets Z/2Z→ 0.
Since Z/2Z consists of two points, the morphism (ϑ2
A2
)∗ cannot be a weak equiv-
alence. We conclude that ϑ2
A2
is not an isomorphism in the motivic A1-homotopy
category. 
Galois extensions.— Let L/k be a finite Galois field extension and set X = Spec(L).
Let K be an algebraically closed field containing L and let U = Spec(K). In the
following paragraphs, we shall prove that for any integer n ≥ 0, the canonical
morphism of sets
ϑnX(U) : (Sym
nhX)(U)→ (Sym
n
ghX)(U) .
is an isomorphism (see proposition 100).
Lemma 97. Let L/k be a finite Galois extension of degree r ≥ 1 and let n be an
integer n ≥ 1. The k-algebra (L⊗kn)Σn has dimension
(
r+n−1
n
)
as k-vector space.
Proof. Since L is a Galois extension over k of degree r, the tensor product L⊗kn is
isomorphic to L×r
n−1
as vector spaces over k. Let {v1, v2, . . . , vr} be a k-basis of
L. The family {vi1 ⊗ vi2 ⊗ . . .⊗ vin}0≤i1,i2,...,in≤r is a k-basis of L
⊗kn. An element of
(L⊗kn)Σn has the form ∑
0≤i1,...,in≤r
ai1,...,in · vi1 ⊗ . . .⊗ vin
such that ∑
0≤i1,...,in≤r
ai1,...,in.viσ(1) ⊗ . . .⊗ viσ(n) =
∑
0≤i1,...,in≤r
ai1,...,in.vi1 ⊗ . . .⊗ vin
for all σ ∈ Σn. We have deduce from the above equality that
(47) ai1,...,in = aiσ(1),...,iσ(n)
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for all σ ∈ Σn. We recall that a combination of {1, 2, . . . , r} choosing n elements
is an unordered n-tuple {i1, . . . , in} allowing repetition of the elements i1, . . . , in
in {1, 2, . . . , r}. Let us denote by C(r, n) the set of all repetitions of {1, 2, . . . , r}
choosing n elements, and fix I = {i1, . . . , in} in C(r, n). Suppose I has p different
elements j1, . . . , jp, where 1 ≤ p ≤ n, such that each there are kl repetitions of
jl in I for 1 ≤ l ≤ p. In particular, one has
∑l
j=1 kl = n. Let us denote by
P (I) = P (i1, . . . , in) the set of permutations with repetitions of {i1, . . . , in}. By
a computation in combinatorics, P (I) has cardinal equal to n!
k1!.··· .kp!
elements. We
have ∑
{i′1,...,i
′
n}∈P (i1,...,in)
vi′1 ⊗ . . .⊗ vi′n =
k1!. · · · .kp!
n!
·
∑
σ∈Σn
vσ(i1) ⊗ . . .⊗ vσ(in) .
and from (47) we deduce that ai′1,...,i′n = ai1,...,in for all {i
′
1, . . . , i
′
n} ∈ P (i1, . . . , in),
hence
∑
0≤i1,...,in≤r
ai1,...,in .vi1⊗. . .⊗vin =
∑
{i1,...,in}∈C(r,n)
ai1,...,in

 ∑
{i′1,...,i
′
n}∈P (i1,...,in)
vi′1 ⊗ . . .⊗ vi′n


Observe that the set
 ∑
{i′1,...,i
′
n}∈P (i1,...,in)
vi′1 ⊗ . . .⊗ vi′n


{i1,...,in}∈C(r,n)
is formed by linearly independent vectors in the k-vector space L⊗kn. Hence, it is a
basis of (L⊗kn)Σn. Then the dimension of (L⊗kn)Σn is determined by the cardinal of
C(r, n), thus (L⊗kn)Σn has dimension |C(r, n)| =
(
r+n−1
n
)
. 
Example 98. In the previous lemma, if L/k is a cubic extension i.e. r = 3 with
a k-basis {v1, v2, v3}, and n = 2; then the k-algebra (L ⊗ L)
Σ2 has dimension 6 as
k-vector space and its canonical basis is formed by the vectors
{v1 ⊗ v1, v2 ⊗ v2, v3 ⊗ v3, (v1 ⊗ v2 + v2 ⊗ v1), (v1 ⊗ v3 + v3 ⊗ v1), (v2 ⊗ v3 + v3 ⊗ v2)} .
Lemma 99. Let L/k be a finite Galois extension of degree r ≥ 1 and set X =
Spec(L). Let K be an algebraically closed field containing L and let U = Spec(K).
Then, for any integer n ≥ 0, the set hSymnX(U) is a finite set with
(
r+n−1
n
)
elements.
Proof. Since (L⊗kn)Σn is a sub-algebra of L⊗kn ≃ L×r
n−1
, the k-algebra (L⊗kn)Σn is
isomorphic to a product
∏rn−1
j=1 Lj , where each Lj is a field extension of k contained
in L. By the previous lemma, we have that the sum
∑rn−1
j=1 dimk Lj is equal to(
r+n−1
n
)
. Let K be an algebraically closed field containing L. One has,
Homk
(
(L⊗kn)Σn , K
)
= Homk

 ∏
1≤j≤rn−1
Lj, K


≃
∐
1≤j≤rn−1
Homk(Lj , K)
Since Lj/k is a finite separable extension, Homk(Lj, K) is a finite set and its cardinal
equal to dimk Lj for all j = 1, . . . , r
n−1. Hence, the set Homk
(
(L⊗kn)Σn , K
)
is finite
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of cardinal equal to
∑rn−1
j=1 dimk Lj =
(
r+n−1
n
)
. Let U = Spec(K). Hence, we have
hSymnX(U) = Homk(U, Sym
nX)
= HomSpec(k)
(
Spec(K), Spec((L⊗kn)Σn)
)
= Homk
(
(L⊗kn)Σn, K
)
≃
∐
1≤j≤rn−1
Homk(Lj, K)
Thus, we conclude that hSymnX(U) is a finite set with
(
r+n−1
n
)
elements. 
In conclusion, we have the following proposition.
Proposition 100. Let L/k be a finite Galois extension and set X = Spec(L). Let
K be an algebraically closed field containing L and let U = Spec(K). Then, for any
integer n ≥ 0, the canonical morphism of sets
ϑnX(U) : (Sym
nhX)(U)→ (Sym
n
ghX)(U)
is an isomorphism.
Proof. Suppose that L = k(α) where α is a root of an irreducible polynomial P (t)
of degree r ≥ 1. Notice that (SymnhX)(U) = Homk(L,K)
n/Σn is a finite set
with
(
r+n−1
n
)
elements. On the other hand, by lemma 99, (SymnhX)(U) is also a
finite set with
(
r+n−1
n
)
elements, then it is enough to prove the injectivity of the
canonical morphism of sets from Homk(L,K)
n/Σn to Homk
(
(L⊗kn)Σn , K
)
, defined
by {f1, . . . , fn} 7→ (f1 ⊗ · · · ⊗ fn)|(L⊗kn)Σn . Indeed, let {f1, . . . , fn} and {f
′
1, . . . , f
′
n}
be two unordered n-tuple in Homk(L,K)
n/Σn such that
(48) (f1 ⊗ · · · ⊗ fn)|(L⊗kn)Σn = (f
′
1 ⊗ · · · ⊗ f
′
n)|(L⊗kn)Σn
We put α1 = f1(α), . . . , αn = fn(α) and α
′
1 = f
′
1(α), . . . , α
′
r = f
′
n(α). Then
{α1, . . . , αn} and {α
′
1, . . . , α
′
n} are two unordered n-tuples formed by roots of P (t)
non necessarily distinct each other. Notice that to prove that the set {f1, . . . , fn} is
equal to {f ′1, . . . , f
′
n}. It will be enough to prove that the set {α1, . . . , αn} is equal to
{α′1, . . . , α
′
n}, since a homomorphism of k-algebras L → K is uniquely determined
by a root of P (t). In fact, observe that the elements

n∑
i=1

1⊗ · · · ⊗ 1⊗ α︸︷︷︸
ith position
⊗1 ⊗ · · · ⊗ 1

 ,
n∑
1≤i<j≤n

1⊗ · · · ⊗ 1⊗ α︸︷︷︸
ith position
⊗1⊗ · · · ⊗ 1⊗ α︸︷︷︸
jth position
⊗1⊗ · · · ⊗ 1

 ,
· · · · · ·
· · · · · ·
α⊗ α⊗ · · · ⊗ α
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lie in (L⊗n)Σn . In view of the equality (f1⊗ · · ·⊗ fn)(a1⊗ · · ·⊗ an) = a1 · · · · · an for
all elements a1, . . . , an in L, we deduce the following equalities,
n∑
i=1
αi = (f1 ⊗ · · · ⊗ fn)
(
n∑
i=1
1⊗ · · · ⊗ α⊗ · · · ⊗ 1
)
n∑
1≤i<j≤n
αi · αj = (f1 ⊗ · · · ⊗ fn)
(
n∑
1≤i<j≤n
1⊗ · · · ⊗ α⊗ · · · ⊗ α⊗ · · · ⊗ 1
)
· · · · · ·
· · · · · ·
α1 · α2 · · · · · αn = (f1 ⊗ · · · ⊗ fn)(α⊗ α⊗ · · · ⊗ α) .
Using (48), these equalities allow us to deduce the following,
n∑
i=1
αi =
n∑
i=1
α′i
n∑
1≤i<j≤n
αi · αj =
n∑
1≤i<j≤n
α′i · α
′
j
· · · · · ·
· · · · · ·
α1 · α2 · · · · · αn = α
′
1 · α
′
2 · · · · · α
′
n .
Notice also that these elements are in k, because they are invariants under Gal(L/k).
Now, observe that α1, . . . , αn are all solutions of the polynomial
P (t) := tn −
(
n∑
i=1
αi
)
· tn−1 +
(
n∑
1≤i<j≤n
αi · αj
)
· tn−2 + · · ·+ (−1)n · α1 · · · · · αn
in k[t], whereas α′1, . . . , α
′
n are all solutions of the polynomial
P ′(t) := tn −
(
n∑
i=1
α′i
)
· tn−1 +
(
n∑
1≤i<j≤n
α′i · α
′
j
)
· tn−2 + · · ·+ (−1)n · α′1 · · · · · α
′
n
which is also in k[t]. Since P (t) = P ′(t), we conclude that {α1, . . . , αn} = {α
′
1, . . . , α
′
n},
as required. 
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